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Abstract
We discuss Higgs boson decays in the CP-violating MSSM, and examine their phe-
nomenological impact using cross section limits from the LEP Higgs searches. This
includes a discussion of the full 1-loop results for the partial decay widths of neu-
tral Higgs bosons into lighter neutral Higgs bosons (ha → hbhc) and of neutral Higgs
bosons into fermions (ha → f f¯). In calculating the genuine vertex corrections, we take
into account the full spectrum of supersymmetric particles and all complex phases of
the supersymmetric parameters. These genuine vertex corrections are supplemented
with Higgs propagator corrections incorporating the full one-loop and the dominant
two-loop contributions, and we illustrate a method of consistently treating diagrams
involving mixing with Goldstone and Z bosons. In particular, the genuine vertex cor-
rections to the process ha → hbhc are found to be very large and, where this process is
kinematically allowed, can have a significant effect on the regions of the CPX bench-
mark scenario which can be excluded by the results of the Higgs searches at LEP.
However, there remains an unexcluded region of CPX parameter space at a lightest
neutral Higgs boson mass of ∼ 45 GeV. In the analysis, we pay particular attention
to the conversion between parameters defined in different renormalisation schemes and
are therefore able to make a comparison to the results found using renormalisation
group improved/effective potential calculations.
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1 Introduction
High energy colliders, at present and in the past, have given the search for Higgs bosons a
high priority. The LEP and Tevatron experiments, in particular, have been able to turn the
non-observation of Higgs bosons into constraints on the Higgs sector, which have been very
useful in reducing the available parameter space of some of the most popular particle physics
models, such as the Standard Model (SM) [1] and the Minimal Supersymmetric Standard
Model (MSSM) [2]. For first results on the Higgs searches at the LHC, see Refs. [3, 4].
However, MSSM scenarios involving CP violation in the Higgs sector, which induces a
mixing of all three neutral Higgs bosons, can prove particularly difficult to restrict using the
Higgs search data. This is due to the fact that the CP violation can result in suppressed
couplings of the lightest Higgs boson to two gauge bosons and to the non-standard decay
mode of a heavier SM-like Higgs boson into a pair of light Higgs bosons, resulting in an
experimentally rather challenging final state. The CPX benchmark scenario [5] is an example
of such a situation in the MSSM. In the original combined LEP analysis by the LEP Higgs
Working group and the LEP collaborations (LHWG), it was found that substantial regions
of the CPX parameter space could not be excluded [2] where the lightest Higgs mass is
substantially below the limit on the Standard Model Higgs mass [1] of MH = 114.4 GeV.
In this paper, we will present complete one-loop results for the decay widths of neutral
Higgs bosons into lighter neutral Higgs bosons (Higgs cascade decays) and the decay widths
of neutral Higgs bosons into fermions in the CP-violating MSSM. The results are obtained in
the Feynman-diagrammatic approach, taking into account the full dependence on the spec-
trum of supersymmetric particles and all complex phases of the supersymmetric parameters.
The genuine vertex contributions are supplemented with two-loop propagator-type correc-
tions, yielding the currently most precise prediction for this class of processes. One-loop
propagator-type mixing between neutral Higgs bosons and Goldstone and Z bosons is also
consistently taken into account.
Both of these calculations require loop corrections to the neutral Higgs mass matrix M,
which are well known for the real and complex MSSM and are frequently used to add propaga-
tor corrections to processes involving external neutral Higgs particles. These corrections are
incorporated in the two main public codes for calculating the complex MSSM Higgs sector,
FeynHiggs [6–10] and CPsuperH [11,12]. FeynHiggs is based on the Feynman-diagrammatic
approach and on-shell mass renormalisation while CPsuperH is based on a renormalisation
group improved effective potential calculation and DR renormalisation. Therefore, to com-
pare between these results it is necessary to perform a parameter conversion. We shall discuss
this issue in Sect. 5. We also investigate the numerical impact of parametrising the neutral
Higgs self-energies (in the Feynman-diagrammatic approach) in terms of the MS top mass,
rather than the on-shell top mass, which is formally a 3-loop effect.
The Higgs cascade decays often dominate the Higgs decay width where they are kinemat-
ically allowed. They directly involve the Higgs self-couplings, the observation and measure-
ment of which is a crucial goal for the experimental confirmation of the Higgs mechanism. We
will present two momentum-dependent approximations for the loop-corrected triple Higgs
couplings, which can be used, for instance, for predictions of the Higgs production process
e+e− → Zhaha at the ILC [13] or CLIC [14].
The genuine vertex corrections to the triple Higgs decay can be very large. In the
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MSSM with real parameters, the leading Yukawa vertex corrections and the complete 1-
loop vertex corrections have been calculated [15–21]. However, for the complex MSSM,
previous to our result, first described in Ref. [22], only effective coupling approximations
were available [23, 24], as provided by the program CPsuperH [11, 12]. The genuine vertex
corrections we present will be incorporated into the code FeynHiggs. As we will demonstrate,
the h2 → h1h1 decay width has a critical influence on the size and shape of one of the regions
of CPX parameter space which the LEP Higgs search results are unable to exclude.
The fermionic decay modes of the neutral Higgs bosons are crucially important to collider
phenomenology. These modes have been used when obtaining a lower bound on the Standard
Model Higgs mass [1] and to exclude significant regions of the MSSM parameter space
[2, 25, 26]. In particular, an accurate prediction for the Higgs decay to b-quarks has been
vital for these analyses, since, for Standard Model Higgs bosons with mass less than about
130 GeV and for most SUSY scenarios, ha → bb¯ is the dominant decay mode. The decay
to τ -leptons can also be very important for Higgs searches, as demonstrated for instance for
various benchmark MSSM scenarios in the high tan β region at the Tevatron [27].
In the Standard Model, the fermionic decay width is extremely well known (for a review,
see e.g. Ref. [28] and references therein), and the treatment of higher-order QCD (gluon-
exchange) and QED corrections can be taken over to the MSSM case. The SUSY QCD
corrections can be sizable for the ha → bb¯ decay and should be resummed (see, for example,
Ref. [29], for an investigation into these effects). Results supplemented with leading 2-loop
propagator corrections [30] and full electroweak contributions [31] are also available in the
MSSM with real parameters.
Predictions for the ha → f f¯ decay widths for the Standard Model and the MSSM with
real parameters can be obtained from the programs HDECAY [32] and HFOLD [33]. For
the complex MSSM, the program CPsuperH [11, 12] is available. It is based on calculations
involving effective haf f¯ couplings, as described in Ref. [24].
The program FeynHiggs [6–10] calculates the ha → f f¯ decay width using the Feynman-
diagrammatic approach, including the most significant QCD corrections, resummed SUSY
QCD corrections and propagator corrections incorporating the full neutral Higgs self-energies.
This calculation is valid in the real and complex MSSM. The full 1-loop electroweak vertex
corrections presented here have recently been incorporated into FeynHiggs.
The corrections to the Higgsstrahlung and Higgs pair production processes at LEP in the
MSSM with real parameters have been studied in Refs. [34–39] and the CP-violating MSSM
in Refs. [40–44]. In the present paper, we will investigate the t, t˜, b, b˜ corrections to these
production processes in the Feynman-diagrammatic approach in the CP-violating MSSM,
and supplement these with full propagator-type corrections. This type of corrections were
not included in the Feynman-diagrammatic analysis of the CPX scenario in Ref. [2].
The parameter region in the MSSM with complex parameters that could not be excluded
with the Higgs searches at LEP, characterised by a rather light Higgs boson with a mass
of about 45 GeV and moderate values of tanβ, persists also in view of the present search
limits from the Tevatron [27]. This parameter region will be difficult to cover also with the
standard Higgs search channels at the LHC [45–47], while it can be thoroughly investigated
at the ILC [13]. The phenomenology of scenarios with such a light Higgs boson has recently
found considerable interest in the literature, see Refs. [48–56] for discussions of other (non-
standard) possible LHC search channels to access this parameter region.
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In the present paper we make use of our improved theoretical predictions for the Higgs
branching ratios into a pair of lighter Higgs bosons and into a fermion pair to examine their
impact on the parameter region with a light Higgs boson left unexcluded by the LEP Higgs
searches. For this purpose we employ the topological cross section limits obtained at LEP,
as implemented in the program HiggsBounds [57, 58]. We investigate the sensitivity of the
excluded parameter region with respect to variations in the parameters of the CPX scenario.
This analysis updates and considerably extends our previous results reported in Ref. [22].
We then compare our results to the results obtained with the code CPsuperH, using various
ways of performing the parameter conversion.
The paper is organized as follows: After introducing complex parameters in Sect. 2 and
the CPX scenario in Sect. 3 we discuss contributions to the Higgs masses and mixings includ-
ing also resummed SUSY QCD corrections in Sect. 4. In Sect. 5 we focus on the conversion
between different renormalization schemes as well as on the effect of a different parameteri-
zation of the top quark mass. In Sect. 6 and in Sect. 7 we discuss the Higgs cascade decay
and the Higgs decay into SM fermions, respectively, and the different contributions to their
partial decay widths and possible approximations. After the investigation of the partial de-
cay widths we turn our focus particularly on the branching ratios of the Higgs cascade decay
processes in Sect. 8. In Sect. 9 Higgs production channels which were relevant at LEP are
investigated. Finally, in Sect. 10 we discuss the phenomenological impact of the improved
predictions obtained in this paper. We investigate in particular the parameter dependence
of the CPX scenario and we perform a thorough comparison with the results obtained with
the program CPsuperH. Sect. 11 contains our conclusions.
2 The MSSM with complex parameters at tree level
In its general form, the MSSM allows various parameters to be complex. This includes the
trilinear couplings Af , the Higgsino mass parameter µ, the gluino mass parameter M3 and
the soft SUSY breaking parameters M1 and M2 from the neutralino/chargino sector. These
complex parameters can induce CP violation. Below we list the relevant quantities to fix
our notation, which closely follows that in Ref. [7].
We write the two MSSM Higgs doublets as
H1 =
(
H11
H12
)
=
(
v1 +
1√
2
(φ1 − iχ1)
−φ−1
)
,
H2 =
(
H21
H22
)
=
(
φ+2
v2 +
1√
2
(φ2 + iχ2)
)
, (1)
where v1 and v2 are the vacuum expectation values, and tan β ≡ v2/v1. Here we have made
use of the fact that the MSSM Higgs sector is CP-conserving at lowest order, i.e. complex
phases occurring in the Higgs potential can be rotated away (or vanish via the minimisation
of the Higgs potential).
The tree level neutral mass eigenstates h,H,A,G are related to the tree level neutral
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fields φ1, φ2, χ1, χ2 through a unitary matrix,
h
H
A
G
 =

− sinα cosα 0 0
cosα sinα 0 0
0 0 − sin βn cos βn
0 0 cos βn sin βn
 ·

φ1
φ2
χ1
χ2
 , (2)
in which the CP-even eigenstates φ1, φ2 do not mix with the CP-odd eigenstates χ1, χ2.
Unless otherwise stated, h,H,A,G will always represent tree level neutral (mass eigenstate)
fields throughout this paper. At tree level, the off-diagonal mass terms must vanish, leading
to the condition βn = β.
The Higgs sector at lowest order is given in terms of two independent parameters (besides
the gauge couplings), conventionally chosen as tan β and either mA or mH± . Since CP
violation can be induced via potentially large higher-order corrections, in general all three
neutral Higgs bosons will mix once higher-order corrections are included, so that the CP-odd
A boson is no longer a mass eigenstate. For the general case of the MSSM with complex
parameters it is therefore convenient to use mH± as input parameter. In our notation lower-
case Higgs masses indicate tree-level masses, while upper case masses refer to loop-corrected
masses.
We write the squark mass matrices as
Mq˜ =
(
M2L +m
2
q +M
2
Z cos 2β(I
q
3 −Qqs2w) mq X∗q
mq Xq M
2
q˜R
+m2q +M
2
Z cos 2βQqs
2
w
)
, (3)
where
Xq = Aq − µ∗{cotβ, tanβ}, (4)
and cotβ or tan β applies to u-type or d-type quarks, respectively. The eigenvalues of eq. (3)
are
m2q˜1,2 = m
2
q +
1
2
[
M2L +M
2
q˜R
+ Iq3M
2
Z cos 2β
∓
√
[M2L −M2q˜R +M2Z cos 2β(Iq3 − 2Qqs2w)]2 + 4m2q |Xq|2
]
. (5)
In the complex MSSM, the trilinear coupling Aq and the higgsino mass parameter µ can
have non-zero complex phases. The mass matrix Mq˜ can be diagonalised by the matrix Uq˜.
Here (
q˜1
q˜2
)
= Uq˜
(
q˜L
q˜R
)
, where Uq˜ =
(
cq˜ sq˜
−s∗q˜ cq˜
)
, (6)
and cq˜ is real, sq˜ is complex, and c
2
q˜ + |sq˜|2 = 1.
The coefficient of the gluino mass term in the Lagrangian, M3, is in general complex.
The gluino mass is given by mg˜ = |M3|, while the phase φM3 can be absorbed into the gluino
fields [59]. The phase of M3 thus appears in the quark–squark–gluino couplings.
For the chargino mass matrix we use
Mchargino =
(
M2
√
2 sin βMW√
2 cos βMW µ
)
, (7)
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which includes the soft SUSY-breaking term M2, which can be complex. For the neutralino
mass matrix we use
Mneutralino =

M1 0 −MZ sw cos β MZ sw sin β
0 M2 MZ cw cos β MZ cw sin β
−MZ sw cos β MZ cw cos β 0 −µ
MZ sw sin β MZ cw sin β −µ 0
 , (8)
which includes furthermore the soft SUSY-breaking term M1, which can also be complex.
It should be noted that not all phases mentioned above are physical, but only certain
combinations. In particular, the phase of the parameter M2 (chosen by convention) and, as
mentioned above, the phase appearing in the Higgs sector at lowest order can be rotated
away.
3 Phenomenology and the CPX scenario
CP-violating effects, which can enter the Higgs sector via potentially large higher-order
corrections, can give rise to important phenomenological consequences. CP phases in the loop
corrections to the Higgs particles can have a large impact on the predictions for the masses
(all three neutral Higgs bosons mix in the CP-violating case) and the Higgs couplings [7,41,
60–62].
Studies of the possible impact of CP-violating effects on the MSSM Higgs sector have
often been carried out in the CPX benchmark scenario [5]. As input values for the CPX
scenario we use in this paper
• mt = 173.1 GeV
• MSUSY = 500 GeV(= Mon−shellL = Mon−shellq˜R )
• µ = 2000 GeV
• |M3| = 1000 GeV
• M2 = 200 GeV, M1 = 53
s2
W
c2
W
M2 (see e.g. Ref. [63]).
• |Aon−shellt | = |Ab| = 900 GeV
• φAon−shellt = φAb = φM3 =
pi
2
• MH± ≤ 1000 GeV
With the phases of the parameters At,b and M3 set to the maximal value of π/2 and the
relatively large value of µ, this scenario has been devised to illustrate the possible importance
of CP-violating effects.
The above values differ from the ones defined in Ref. [5] in the following ways: Firstly,
we use an on-shell value for the absolute value of the trilinear coupling At and the soft
SUSY breaking mass parameters ML and Mq˜R , rather than DR values, and we therefore
use a numerical value of |At| that is somewhat shifted compared to that specified in Ref. [5]
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in order to remain in an area of parameter space with similar phenomenology (the value
specified in Ref. [5] is |ADRt | = 1000 GeV). Secondly, we use mt = 173.1 GeV, which was
the world average top-quark mass in March 2009 [64].
We use an on-shell definition of At, ML and Mq˜R since this is the natural choice for a
Feynman-diagrammatic calculation. We will discuss how to convert between the different
parameter definitions in Sect. 5. For the purposes of this discussion, we use a second scenario
using the parameter values given above, except with At, ML, Mq˜R defined according to the
DR scheme at the scale MS :=
√
M2SUSY +m
2
t and with |ADRt (MS)| = 1000 GeV(= |Ab|),
φ
ADRt
(MS) =
pi
2
, MDRL (MS) = 500 GeV and M
DR
q˜R
(MS) = 500 GeV, which we will call the
CPX scenario (i.e. this scenario is more similar to that in Ref. [5]).
The LEP Higgs Working Group study [2] of the CPX scenario also used |ADRt | =
1000 GeV. The majority of its analyses were performed using mt = 174.3 GeV. We will
investigate the dependence of our results on mt in Sect. 10.2.
It should be noted that there are constraints on the CP phases in the complex MSSM
from experimentally measured upper limits on electric dipole moments, such as those of the
electron and neutron (for a recent discussion, see e.g. Ref. [65]). These provide particularly
significant constraints on the CP phases in the first two generations. The constraints on the
phases of the third generation are less restrictive. In the definition of the CPX benchmark
scenario, existing bounds on CP phases were taken into account, see Ref. [41] for more
details.
4 Loop corrections to the Higgs masses and Higgs mix-
ing matrices
Higher-order corrections to Higgs masses and mixing properties are known to be very im-
portant for the phenomenology of the MSSM Higgs sector, see Refs. [66–68] for reviews.
In the MSSM with real parameters, the full 1-loop result [31, 34, 69–74] and the dom-
inant 2-loop corrections [9, 75–89] have been calculated, and the tanβ-enhanced terms
O(αb(αs tanβ)n) have been resummed [29, 90–94]. A full 2-loop effective potential cal-
culation is known [95–102]1. In addition, some dominant 3-loop contributions have been
calculated [103–105].
In the complex MSSM, 1-loop corrections from the fermion/sfermion sector and some
leading logarithmic corrections from the gaugino sector and the dominant 2-loop results have
been calculated in the renormalisation group improved effective potential approach [41,60,62,
97,100,104,106–108]. In the Feynman-diagrammatic approach, leading 1-loop contributions
have been obtained in Ref. [61, 109], and the full 1-loop result has been calculated in Ref. [7].
At 2-loop order, the O(αtαs) corrections are available [110].
Most of these results for the complex MSSM have been incorporated either into the
public code FeynHiggs [7–10,111–113], which uses the Feynman-diagrammatic approach, or
the public code CPsuperH [11, 12], which uses the renormalisation group improved effective
potential approach2.
1In principle, the effective potential calculation is also applicable to the complex MSSM.
2Unless explicitly stated otherwise, ‘FeynHiggs’ will refer to FeynHiggs version 2.6.5 and ‘CPsuperH’ to
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In this paper, when calculating the Higgs masses and mixings, we will use renormalised
neutral Higgs self-energies calculated by FeynHiggs, to take advantage of the fact that it
includes the complete 1-loop result and O(αtαs) corrections of Ref. [110] with full phase
dependence. FeynHiggs additionally allows the option of including sub-leading 2-loop cor-
rections which are known so far only for the MSSM with real parameters [76, 82, 83, 85, 86].
If the user wishes to apply these corrections in an MSSM calculation with complex phases,
FeynHiggs evaluates these corrections at a phase of 0 and π for each complex parameter,
then an interpolation is performed to arrive at an approximation to these corrections for
arbitrary complex phases. However, this prescription can be problematic in a rather ‘ex-
treme’ scenario like the CPX scenario. In fact, it can happen in this case that one of the
combinations of real parameters needed as input for the interpolation turns out to be in an
unstable region of the parameter space where the reliability of the perturbative predictions
is questionable. This would skew the interpolation towards the unstable values. Therefore,
unless otherwise stated, we will use in the present paper the leading O(αtαs) corrections
to the Higgs self-energies from FeynHiggs, but not the sub-leading 2-loop corrections. A
discussion of the incorporation of the subleading 2-loop contributions via the interpolation
from the results for real parameters is given in Sect. 10.3. As discussed in more detail below,
besides the irreducible 2-loop contributions of O(αtαs) we do incorporate into our results
higher order tan β–enhanced terms (for arbitrary complex parameters), which we take into
account by introducing an effective b-quark mass.
4.1 Determination of neutral Higgs masses
In general, the neutral Higgs masses are obtained from the real parts of the complex poles of
the propagator matrix. In the determination of the Higgs masses, we neglect mixing with the
Goldstone and Z bosons as these are sub-leading 2-loop contributions to the Higgs masses.
We therefore use a 3× 3 propagator matrix ∆(p2) in the (h,H,A) basis.
In order to determine the neutral Higgs masses we must first find the three solutions to∣∣∆−1(p2)∣∣ = 0, (9)
which, in the case with non-zero mixing between all three neutral Higgs bosons, is equivalent
to solving
1
∆ii(p2)
= 0, (10)
where i = h,H or A. The propagator matrix is related to the 3× 3 matrix of the irreducible
2-point vertex-functions Γˆ2(p
2) through the equation[−∆(p2)]−1 = Γˆ2(p2) = i [p21 −M(p2)] , (11)
where
M(p2) =
m2h − Σˆhh(p2) −ΣˆhH(p2) −ΣˆhA(p2)−ΣˆhH(p2) m2H − ΣˆHH(p2) −ΣˆHA(p2)
−ΣˆhA(p2) −ΣˆHA(p2) m2A − ΣˆAA(p2)
 . (12)
CPsuperH version 2.2 throughout this paper.
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As before, mh,mH ,mA refer to the tree level masses. Σˆij(p
2) are renormalised Higgs self-
energies. The explicit form of the counterterms used in this paper is given in App. B. For
the majority of these renormalisation conditions, we use the on-shell scheme. However, we
shall use DR renormalisation for the Higgs fields (see Ref. [7]). If there is CP conservation,
ΣˆhA(p
2) = ΣˆHA(p
2) = 0, and the CP-even Higgs bosons h,H do not mix with the CP-odd
Higgs boson A.
In general, the renormalised Higgs self-energies can be complex, due to absorptive parts.
Therefore, the three poles of the propagator matrix M2a can be written as
M2ha =M2ha − iMhaWha , (13)
where Mha is real and is interpreted as the loop-corrected (i.e. physical) mass, Wha is the
Higgs width, and a = 1, 2, 3.
In the MSSM with complex parameters, the loop-corrected masses are labelled in size
order such that
Mh1 ≤Mh2 ≤Mh3 . (14)
In the CP-conserving case, the masses are labelled such that the CP-even loop-corrected
Higgs bosons have masses Mh and MH with Mh ≤ MH and the CP-odd loop-corrected
Higgs boson has mass MA (the numerical value of MA is affected by loop corrections only if
MH± is chosen as an independent input parameter).
Solving eq. (9) with full momentum dependence involves an iterative procedure, since the
self-energies also depend on the momentum. In order to deal with the complex momentum
argument it is convenient to use an expansion about the real part of the pole, M2ha , such
that
Σˆjk(M2ha) ≃ Σˆjk(M2ha) + iIm
[M2ha] Σˆ′jk(M2ha), (15)
with j = h,H,A and k = h,H,A. We obtain Σˆjk(M
2
ha
) and Σˆ′jk(M
2
ha
) (where the prime
indicates the derivative w.r.t. the external momentum squared) from FeynHiggs [6–10]. For
each ha, we use a momentum-independent approximation to obtain an initial value for the
iteration. This solution is then refined using
M2,[n+1]ha = ath eigenvalue of M(M
2,[n]
ha
), (16)
where the eigenvalues have been sorted into ascending value, according to their real parts.
We check the validity of the truncation of the expansion in eq. (15) by performing an iteration
using an expansion up to second order:
Σˆjk(M2ha) ≃ Σˆjk(M2ha) + iIm
[M2ha] Σˆ′jk(M2ha)
+
1
2
(
iIm
[M2ha] Σˆ′′jk(M2ha))2 , (17)
and confirming that the resultant Higgs masses show no significant changes.
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4.2 Wave function normalisation factors
In order to ensure that the S-matrix is correctly normalised, the residues of the propagators
have to be set to one. We achieve this by including finite wave function normalisation factors
which are composed of the renormalised self-energies. These ‘Z-factors’ can be collected in
to a matrix Zˆ where
lim
p2→M2
ha
− i
p2 −M2ha
(
Zˆ · Γˆ2 · ZˆT
)
hh
= 1, (18)
lim
p2→M2
hb
− i
p2 −M2hb
(
Zˆ · Γˆ2 · ZˆT
)
HH
= 1, (19)
lim
p2→M2
hc
− i
p2 −M2hc
(
Zˆ · Γˆ2 · ZˆT
)
AA
= 1, (20)
such that ΓˆhaΓˆhb
Γˆhc
 = Zˆ ·
 ΓˆhΓˆH
ΓˆA
 , (21)
where Γˆha is a one-particle irreducible n-point vertex-function which involves a single external
Higgs ha, and ha, hb, hc = some combination of h1, h2, h3.
The matrix Zˆ is non-unitary. We write it as
Zˆ =
 √Zh √ZhZhH √ZhZhA√ZHZHh √ZH √ZHZHA√
ZAZAh
√
ZAZAH
√
ZA
 . (22)
We find the elements of Zˆ by solving eq. (18), which gives
Zh =
1
∂
∂p2
(
i
∆hh(p2)
)∣∣∣
p2=M2
ha
, ZH =
1
∂
∂p2
(
i
∆HH (p
2)
)∣∣∣∣
p2=M2
hb
, ZA =
1
∂
∂p2
(
i
∆AA(p2)
)∣∣∣
p2=M2
hc
,(23)
ZhH =
∆hH
∆hh
∣∣∣∣
p2=M2
ha
, ZHh =
∆hH
∆HH
∣∣∣
p2=M2
hb
, ZAh =
∆hA
∆AA
∣∣∣∣
p2=M2
hc
, (24)
ZhA =
∆hA
∆hh
∣∣∣∣
p2=M2
ha
, ZHA =
∆HA
∆HH
∣∣∣
p2=M2
hb
, ZAH =
∆HA
∆AA
∣∣∣∣
p2=M2
hc
. (25)
We choose ha = h1, hb = h2 and hc = h3. Zi is, in general, complex. Other choices for
the Z-factors are possible, such as that in Ref. [114], where we use the limit p2 = M2h1,2,3 .
However, this does not allow the same freedom for choosing a, b, c.
Since the elements of Zˆ involve evaluating self-energies at complex momenta, we use
again the expansion given in eq. (15). In order to make sure that the neglected higher order
terms in eq. (15) are small, we also calculate Zˆ using eq. (17), and check that this does not
significantly change the result.
The wave function normalisation factors are included in the calculation by multiplying
the irreducible vertex factor Γˆ by Zˆ once for each external Higgs boson involved in the
process.
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Figure 1: The Goldstone and Z boson propagator corrections to the hi → f f¯ decay, where
hi = h,H or A
4.3 Goldstone or gauge bosons mixing contributions to the Higgs
propagators
A complete 1-loop prediction for a process involving a neutral Higgs propagator in the MSSM
with complex parameters will, in general, contain terms involving the self-energies ΣˆhG, ΣˆHG,
ΣˆAG and ΣˆhZ , ΣˆHZ , ΣˆAZ , such as those shown in Fig. 1. These terms are required to ensure
that the 1-loop result is gauge-parameter independent and free of unphysical poles. As we
will illustrate for an example, it is essential to treat these mixing contributions strictly at
one-loop level in order to ensure the cancellation of the unphysical contributions (some care
is necessary to achieve this, since the loop corrected masses used for the external particles
and the Z-factor prescription outlined above automatically incorporate leading higher-order
contributions).
As an example, we consider diagrams involving mixing contributions for a neutral Higgs
decaying to two fermions, as in Fig. 1. We use here the lowest order Z-boson propagator
with explicit gauge parameter dependence in the Rξ gauge,(
−gµν + pµpν
p2
)
i
p2 −M2Z
− pµpν
p2
iξZ
(p2 − ξZM2Z)
, (26)
and the G-boson propagator
i
p2 − ξZM2Z
. (27)
The vertex Γµ,treeZff involving on-shell fermions is related to Γ
tree
Gff by
pµΓ
µ,tree
Zff = −iMZΓtreeGff . (28)
The relation between the hG and hZ self-energies is given in eq. (130) below. Using this,
we can express the h→ f f¯ decay (Fig. 1 with hi = h) as
iΣˆhG(p
2)
i
p2 −M2ZξZ
ΓtreeGff¯ + ip
νΣˆhZ(p
2)
−iξZpµpν
p2(p2 −M2ZξZ)
Γµ,tree
Zff¯
= −Γ
tree
Gff¯
p2
ΣˆhG(p
2), (29)
where p2 denotes the momentum of the propagator involving the neutral Higgs boson. Note
that the expression in eq. (29) does not contain a pole at p2 = M2ZξZ . Similarly, eq. (132)
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Figure 2: SUSY QCD corrections to the relation between the bottom quark mass and the
bottom Yukawa coupling induced by gluino and sbottom quark loops, which can be enhanced
at large tanβ, (x, y = 1, 2)
below gives the relation between the AG and AZ self-energies. When substituted into the
expression for the decay A→ f f¯ via a self-energy (Fig. 1 with hi = A), this gives
iΣˆAG(p
2)
i
p2 −M2ZξZ
ΓtreeGff¯ + ip
νΣˆAZ(p
2)
−iξZpµpν
p2(p2 −M2ZξZ)
Γµ,tree
Zff¯
= −Γ
tree
Gff¯
p2
(
ΣˆAG(p
2)− (p2 −m2A)f0(p2)
M2ZξZ
p2 −M2ZξZ
)
, (30)
and the quantity f0 is defined in eq. (128) below. The expression above shows that it is
essential to use the tree-level mass for the incoming momentum, i.e. p2 = m2A, in order to
ensure the cancellation of the unphysical pole at p2 = M2ZξZ . Therefore, in the following,
we treat the contributions involving mixing between hi and G,Z bosons strictly at one-loop
order, which implies, in particular, evaluating those contributions at an incoming momentum
corresponding to the tree level mass, rather than the loop corrected mass.
4.4 Resummation of SUSY QCD contributions
4.4.1 The ∆mb correction
The tree level relation (mb = λbv1) between the bottom quark mass and the bottom Yukawa
coupling λb receives large tan β-enhanced radiative corrections, which need to be properly
taken into account [29, 90–94, 115–117]. In SUSY QCD, such contributions arise from loops
containing gluinos and sbottoms, as shown in Fig. 2. For heavy SUSY mass scales the
interaction of the neutral Higgs bosons with bottom quarks can be expressed in terms of an
effective Lagrangian [29]
Leff = −λbb¯R
[
H11 +
∆mb
tβ
H∗22
]
bL + h.c., (31)
where the shorthand tβ ≡ tanβ has been used. Accordingly, the relation between the bottom
quark mass and the bottom Yukawa coupling receives the loop-induced contribution ∆mb
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such that
mb = λbv1 (1 + ∆mb) . (32)
We consider here the general case, in which ∆mb is allowed to be complex. Inserting the
relation (eq. (32)) and neglecting the terms involving Goldstone boson contributions leads
to
Leff = b¯ 1
1 + y
([
1− 1
tαtβ
y + iγ5x
(
1 +
1
tαtβ
)]
vtreehb¯bh
+
[
1 +
tα
tβ
y + iγ5x
(
1− tα
tβ
)]
vtreeHb¯bH
+
[
1− 1
t2β
y + iγ5x
(
1 +
1
t2β
)]
vtreeAb¯bA
)
b+ ..., (33)
where tα ≡ tanα. The quantities x, y are real and given by
x =
Im∆mb
1 + Re∆mb
,
y = Re∆mb + xIm∆mb, (34)
and vtree
hb¯b
, vtree
Hb¯b
, vtree
Ab¯b
are defined by
Ltree = b¯ [vtreehb¯bh+ vtreeHb¯bH + vtreeAb¯bA] b+ ... (35)
= b¯
[
−λ
(0)
b√
2
(−sα)h− λ
(0)
b√
2
(cα)H − λ
(0)
b√
2
(iγ5)(−sβ)A
]
b+ . . . , (36)
with
λ
(0)
b = mb/v1 = mbe/
(√
2cβsWMW
)
. (37)
Note that, in this convention, vtree
Ab¯b
contains a γ5 dependence.
In order to find ∆mb, we perform a Feynman-diagrammatic calculation of the leading
1-loop gluino contributions to the hi → bb¯ decays, using the p2 = 0 approximation and
i = h,H,A. Comparing this calculation for the renormalised decay width to the 1-loop
expansion of eq. (33) yields for the contribution of gluino and sbottom loops to ∆mb
∆mg˜b =
2
3
αs
π
µ∗M∗3 tβI
(
m2
b˜1
, m2
b˜2
, m2g˜
)
, (38)
I (a, b, c) = −abLog
(
b
a
)
+ acLog
(
a
c
)
+ bcLog
(
c
b
)
(a− c) (c− b) (b− a) . (39)
In the hi → bb¯ decay, diagrams involving charged higgsinos also contain tan β enhanced
contributions [29, 118]. We treat these analogously to the ∆mg˜b corrections above. Compar-
ison with the 1-loop Feynman-diagrammatic calculation in the complex MSSM leads to
∆mh˜b =
αt
4π
A∗tµ
∗tβI
(
m2t˜1 , m
2
t˜2
, |µ|2) , (40)
12
 0
 10
 20
 30
 40
 50
 60
 70
 80
 90
 100
 4  5  6  7 8 9 10  20  30  40 50 60 70
M
h 1
/G
eV
tβ
MH± = 140 GeV
 95
 100
 105
 110
 115
 120
 125
 4  5  6  7 8 9 10  20  30  40 50 60 70
M
h 2
/G
eV
tβ
MH± = 140 GeV
 120
 130
 140
 150
 160
 170
 180
 4  5  6  7 8 9 10  20  30  40 50 60 70
M
h 3
/G
eV
tβ
MH± = 140 GeV
i
ii
iii
Figure 3: Predictions for the neutral Higgs masses, Mh1 , Mh2 , Mh3, obtained using the
effective bottom quark mass employed for the numerical analyses in this paper, (iii) mb,eff =
mDR,SMb (m
OS
t )/|1 + ∆mFHb | in comparison with two other choices for the bottom mass, (i)
mMS,SMb (mb) and (ii) m
DR,SM
b (m
OS
t ). The results are shown for the CPX scenario with
MH± = 140 GeV.
where
αt =
λ
(0),2
t
4π
, (41)
λ
(0)
t =
mt
v2
=
mte√
2sβsWMW
. (42)
The effective Lagrangian of eq. (31) properly resums the leading tan β-enhanced gluino
and higgsino contributions given above [29]. In our calculation we therefore use a ∆mb
correction of
∆mb = ∆m
g˜
b +∆m
h˜
b (43)
=
2
3
αs
π
µ∗M∗3 tβI
(
m2
b˜1
, m2
b˜2
, m2g˜
)
+
αt
4π
A∗tµ
∗tβI
(
m2t˜1 , m
2
t˜2
, |µ|2) . (44)
It is also possible to incorporate effects from loops involving winos into ∆mb as in Ref. [29]
(or even winos and binos as in Ref. [118]). We do not include these, since they are numerically
small [29] and, in the CPX scenario, are less important than the higgsino contributions. Since
we will explicitly calculate the 1-loop diagrams involving winos and binos when calculating
the full 1-loop ha → bb¯ decay width (the ∆mb contributions are subtracted at one-loop order
such that a double-counting from the ∆mb resummation is avoided), the effect of leaving
them out of the ∆mb contribution is of sub-leading 2-loop order. For the scale of αs in
eq. (44) we choose the top-quark mass, i.e. we use αs(m
2
t ) in ∆mb.
4.4.2 The use of an effective b-quark mass in the calculation of the neutral
Higgs self-energies
It is desirable to incorporate leading tanβ-enhanced contributions also into the calculation
of the Higgs self-energies. A direct application of the effective Lagrangian of eq. (31) within
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loop calculations is in general not possible, as it would spoil (among other things) the UV-
finiteness of the theory. It is therefore convenient to absorb the leading tan β-enhanced
contributions into an effective bottom quark mass that is used everywhere in the calcula-
tion, although this procedure does not reproduce the decoupling properties of the effective
Lagrangian of eq. (31) in the limit where MH± ≫ MZ . It has been shown in Refs. [76, 85]
that the one-loop result with an appropriately chosen effective bottom quark mass in general
approximates very well the result containing the diagrammatic two-loop contributions.
Because of the large value of µ in the CPX scenario, contributions from the bottom
/ sbottom sector can be important already for moderate values of tanβ. We use in the
following an effective bottom quark mass that is defined as
mb,eff =
mDR,SMb (m
OS
t )
|1 + ∆mFHb |
, (45)
where ‘DR’ or ‘OS’ indicates the renormalisation scheme in which the mass is defined i.e.
the DR or OS renormalisation scheme respectively, and ‘SM’ indicates that only the Stan-
dard Model contribution is included. ∆mFHb is the ∆mb correction calculated internally by
FeynHiggs for use in its Higgs decays and Higgs production cross sections.
Since in the CPX scenario |1 + ∆mb| > 1, the incorporation of the tanβ-enhanced ∆mb
corrections leads to a reduction of the numerical value of mb,eff in this scenario and thus
to numerically more stable results. This is illustrated in Fig. 3, where the results for the
neutral Higgs masses obtained using the effective bottom quark mass defined in eq. (45)
are compared with the predictions arising from choosing mMS,SMb (mb) or m
DR,SM
b (m
OS
t ) for
the bottom quark mass. For large values of tanβ, depending on the choice of the bottom
mass, an onset of very large corrections from the bottom / sbottom sector is visible in
the predictions for the Higgs masses. Since perturbative predictions are not reliable in the
parameter region where these large corrections from the bottom / sbottom sector occur, we
limit the numerical analyses in this paper to the region tanβ < 30. (Without resummation
of the tan β-enhanced contributions as in eq. (45), the onset of very large corrections could
already occur at lower values of tan β.)
5 Conversion of parameters between on-shell and DR
renormalisation schemes
As mentioned above, higher-order contributions in the Higgs sector of the MSSM have been
obtained using different approaches. The results implemented in the public code Feyn-
Higgs [6–10] are based on the Feynman-diagrammatic approach employing the on-shell renor-
malisation scheme, while the results implemented in the public code CPsuperH [11, 12] are
based on a renormalisation group improved effective potential calculation employing DR
renormalisation. As the parameters in the two renormalisation schemes are defined differ-
ently, a parameter conversion is necessary for a meaningful comparison of results obtained
in the two schemes.
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Figure 4: The diagrams used to calculate the shifts shown in eqs. (48) – (53), (which convert
between DR and on-shell parameters) at O(αs). (x = 1, 2, y = 1, 2, z = 1, 2)
5.1 Parameter shifts
Since both schemes incorporate partial 2-loop contributions, a parameter conversion of the
top/stop sector parameters (that enter at the 1-loop level), is required. In Refs. [77, 82]
this issue has been discussed for the case where all the MSSM parameters are real. In the
following we consider the general case of arbitrary complex parameters. We can obtain the
leading terms at O(αs) from considering loops involving gluons, gluinos, stops and tops as
shown in Fig. 4. In order to obtain the leading terms at O(αt), we must also consider loops
involving neutralinos, charginos, Higgs bosons, Goldstone bosons, sbottoms and b-quarks,
as shown in Fig. 5.
We label the difference between the parameters p in the different renormalisation schemes
by ∆p, where
pDR = pon−shell +∆p(µren). (46)
Since the DR parameters depend on the renormalisation scale µren, the shift ∆p is also a
function of µren. The parameter shift ∆p is related to the counterterms by
∆p(µren) = δp
on−shell − δpDR = δpon−shell − [δpon−shell]div , (47)
where the superscript ‘div’ denotes that only terms proportional to 2
4−D − γE + log(4π)
are kept. Therefore this means that ∆p(µren) =
[
δpon−shell
]fin
, where the superscript ‘fin’
denotes the finite pieces remaining once terms proportional to 2
4−D −γE+log(4π) have been
subtracted out.
For the stop sector, we can directly adapt the counterterms used in FeynHiggs in Ref. [110]
(see App. B for the explicit form of the counterterms) to get the parameter shifts
∆M2L = −2mt∆mt + U∗11U11∆m2t˜1 + U∗21U21∆m2t˜2 + U∗11U21∆Yt˜ + U∗21U11∆Y ∗t˜ , (48)
∆M2t˜R = −2mt∆mt + U∗12U12∆m2t˜1 + U∗22U22∆m2t˜2 + U∗12U22∆Yt˜ + U∗22U12∆Y ∗t˜ , (49)
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Figure 5: The diagrams used to calculate the shifts shown in eqs. (48) – (53) (which convert
between DR and on-shell parameters) at O(αt). (x = 1, 2, y = 1, 2, z = 1, 2, i = 1, 2, 3, n =
1, 2, 3, 4)
∆A∗t = e
−iφAt (∆ |At| − i |At|∆φAt) , (50)
∆Kt = − (A∗t − µ cotβ)∆mt +mt cot β∆µ
+U∗11U12∆m
2
t˜1
+ U∗21U22∆m
2
t˜2
+ U∗11U22∆Yt˜ + U
∗
21U12∆Y
∗
t˜ , (51)
∆ |At| = 1
mt
Re
[
eiφAt∆Kt
]
, (52)
∆φAt = −
1
mt |At|Im
[
eiφAt∆Kt
]
, (53)
where
∆mt =
1
2
Re
[
m
(
ΣLt (m
2) + ΣRt (m
2)
)
+ Σlt(m
2) + Σrt (m
2)
]fin
, (54)
∆m2t˜1 = Re
[
Σt˜11(m
2
t˜1
)
]fin
, (55)
∆m2t˜2 = Re
[
Σt˜22(m
2
t˜2
)
]fin
, (56)
∆Yt˜ =
1
2
[
R˜eΣt˜12(m
2
t˜1
) + R˜eΣt˜12(m
2
t˜2
)
]fin
, (57)
and the components of the top self-energy are defined by Σ(p) = p/ω−ΣL(p2)+ p/ω+ΣR(p2)+
ω−Σl(p2) + ω+Σr(p2), and R˜e indicates that the imaginary parts of the loop integrals are
discarded.
In the following we will define the DR parameters at the scale µren =
√
M2SUSY +m
2
t =:
MS, see Ref. [11] and the discussion in Ref. [77]. We evaluate the strong coupling constant
at the scale of the top mass, αs(m
2
t ). Since the two-loop corrections of O(αtαs) and O(α2t )
implemented in FeynHiggs have been obtained using a Yukawa approximation (the corre-
sponding contributions are implemented in CPsuperH only to leading logarithmic accuracy),
16
we employ the same kind of approximation to derive the parameter conversions at O(αs)
and O(αt). In particular, we neglect the D-terms in the stop mass matrix (i.e., the terms
proportional to M2Z), the D-terms and the b-quark mass in the sbottom mass matrix, and
we neglect terms proportional to M1, M2, MZ , MW in the neutralino and chargino mass
matrices. In addition, we make the approximation MH± = MA when deriving the parameter
shifts.
For the evaluation of the parameter shifts at O(αt) we also need to consider a shift to the
Higgsino mass parameter µ, since FeynHiggs takes µDR(mt) as input while CPsuperH takes
µDR(MS) as input. Therefore we use the relation
µ(mt) = µ(MS) +
3αt
8π
µ log
(
m2t
M2S
)
. (58)
The difference between using DR or on-shell quantities as input to the shifts ∆p is of
higher order.
5.2 Simple approximation of parameter shifts
It is useful to find a simple approximation for the O(αs) contribution to the parameter shifts
∆p. It turns out that the shifts in ML and Mt˜R in general are less numerically significant
than the shifts in At. Therefore we investigate an approximate treatment in which the shifts
in ML and Mt˜R are neglected. Furthermore, since we have neglected the D-terms in the stop
mass matrix and use MDRSUSY(MS) = M
DR
L (MS) = M
DR
t˜R
(MS), the stop mixing matrix defined
in eq. (6) has the simple form
Uq˜ =
1√
2
(
1 −e−iφXt
eiφXt 1
)
. (59)
Accordingly, the relation between |Xon−shellt | and |XDRt (MS)| simplifies to
|Xon−shellt | = |XDRt |
(
1 +
∆mt
mt
)
− 1
2mt
(
∆m2t˜2 −∆m2t˜1
)
, (60)
where
∆mt =
αs
6πmt
[
gt1 + g
t
2 +m
2
t
(
6 log
m2t
µ2ren
− 10
)
+ 2m2g˜
(
log
m2g˜
µ2ren
− 1
)]
, (61)
∆m2t˜1 −∆m2t˜2 =
2αs
3π
(
g t˜1 − g t˜2
)
, (62)
gti = −m2t˜i
(
log
m2
t˜i
µ2ren
− 1
)
+ fiRe
[
B0[m2t , m2g˜, m2t˜i ]
]
, (63)
g t˜i = 2m
2
t˜i
(
log
m2
t˜i
µ2ren
− 2
)
− fiRe
[
B0[m2t˜i , m2g˜, m2t ]
]
, (64)
fi = m
2
g˜ +m
2
t −m2t˜i − (−1)i2mg˜mt cos(φM3 − φXt), (65)
and B0 = [B0]fin, with the scalar integral B0 defined as
B0(p
2
1, m
2
0, m
2
1) =
(2πµ)4−D
iπ2
∫
dDq
1
(q2 −m20 + iǫ)((q + p1)2 −m21 + iǫ)
. (66)
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Figure 6: Impact of parameter conversions on the neutral Higgs masses Mh1 , Mh2 , Mh3.
The predictions for the Higgs masses, evaluated with the program FeynHiggs, are shown
as a function of tan β in the CPX scenario. Green (dashed): Result where the numerical
values of the input parameters ADRt (MS), M
DR
L (MS), M
DR
t˜R
(MS) are directly inserted into
FeynHiggs without a parameter conversion (i.e., ∆p = 0). Blue (solid): Output of FeynHiggs
if on-shell values of the parameters are inserted that are obtained from the DR input values
using the full expressions for ∆p given in eqs. (48)–(53) at O(αs). Orange (dotted): Output
of FeynHiggs if the parameter conversion is calculated using the approximation described in
Sect. 5.2.
5.3 Numerical examples in the CPX scheme
In Fig. 6 we investigate the impact of the O(αs) parameter conversions on the predictions
for the neutral Higgs masses Mh1, Mh2 , Mh3 (see Sect. 10.3 for a discussion of the O(αt)
terms). We compare the case where the numerical values of the input parameters ADRt (MS),
MDRL (MS), M
DR
t˜R
(MS) in the CPX scheme (for MH± = 140 GeV) are directly inserted as
input into the program FeynHiggs (in which the parameters are interpreted as on-shell quan-
tities) with the case where a proper conversion of the DR input values to on-shell parameters
has been carried out at O(αs) according to eqs. (48)–(53). One can see that the parameter
shifts have a very large numerical impact on the prediction of the lightest Higgs mass of
more than 20 GeV in the region of small tan β, while the corresponding effects on the pre-
dictions for Mh2 and Mh3 are typically below the GeV level. The result for Mh1 indicates
the well-known fact that corrections of O(αtαs) in the MSSM Higgs sector can be numeri-
cally very important. The numerical effects found here in the CPX scenario are even larger
than the corresponding shifts in the case of real parameters as discussed in Ref. [77]. As a
consequence, it is obvious that a proper conversion of parameters at least for the prediction
of the lightest Higgs mass is indispensable for a meaningful comparison of results obtained
in different renormalisation schemes.
Also shown in Fig. 6 is the result obtained from employing the approximate parameter
conversion as given in Sect. 5.2. One can see that the result for the approximate treatment
is close to the one obtained with the full parameter conversion. This indicates that the main
impact of the parameter conversion is indeed caused by the shift in the absolute value of
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the trilinear coupling ∆|At|, as expected from the discussion above. From the expressions
given in Sect. 5.2 one can furthermore see that there is a significant dependence on the phase
(φM3 − φXt) and that the gluino mass |M3| plays an important role. We will use the full
O(αs) parameter conversions throughout the rest of the paper. However, we note that this
approximate parameter conversion can be useful in situations where the inclusion of the full
O(αs) parameter conversions is impractical.
5.4 Reparametrisation of mt in the neutral Higgs self-energies
The difference between parametrising the neutral Higgs self-energies in terms of the on-
shell top mass and parametrising the neutral Higgs self-energies in terms of the MS top
mass is formally a three-loop effect. Previously, we have chosen to use an on-shell top
mass. We shall now investigate the numerical effect of parametrising in terms of the MS top
mass mt := m
MS,SM
t (mt). In order to simplify the following discussion, we shall assume no
resummation of tanβ-enhanced terms.
So far, we have been using neutral Higgs self-energies expressed in terms of the on-shell
top mass:
Σˆ(mOSt ) = Σˆ
(1)
Yuk(m
OS
t ) + Σˆ
(1)
non−Yuk(m
OS
t ) + Σˆ
(2)
Yuk(m
OS
t ) + h.o.t. (67)
where ‘h.o.t.’ stands for ‘higher order terms’, and the on-shell top mass and the MS top mass
are related through
mt = m
OS
t + αsx
x = − 4
3π
mt (68)
The difference between using an on-shell top mass and the MS top mass in x is not important,
since it will affect the calculation only at the 4-loop level. (We shall use mOSt ).
We substitute for mOSt in Σˆ(m
OS
t )
Σˆ(mOSt ) = Σˆ
(1)
Yuk(mt − αsx) + Σˆ(1)non−Yuk(mt − αsx) + Σˆ(2)Yuk(mt − αsx) + ... (69)
and perform an expansion around x = 0, keeping terms up to O(αtαs)
Σˆ(mOSt ) = Σˆ
(1)
Yuk(mt)− αsxΣˆ(1)
′
Yuk(mt) + Σˆ
(1)
non−Yuk(mt) + Σˆ
(2)
Yuk(mt) + ... (70)
The reparametrisation according to eq. (68) has generated an additional term −αsxΣˆ(1)
′
Yuk(m),
which is of two-loop order. In order to calculate this additional term, we require the explicit
expressions for the leading 1-loop Yukawa corrections to the neutral Higgs self-energies,
which we give explicitly in eq. (97)–eq. (102) below.
We first substitute for the stop masses their expressions in terms of the top mass and the
soft SUSY-breaking parameters, in order to ensure that the top mass dependence is explicit
everywhere. We employ here the Yukawa approximation, i.e. eq. (5) simplifies to
m2q˜1,2 = m
2
q +
1
2
[
M2L +M
2
q˜R
∓
√
[M2L −M2q˜R]2 + 4m2q|Xq|2
]
. (71)
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Figure 7: Neutral Higgs masses in the CPX scenario at tanβ = 11 and MH± = 140 GeV
as function of phase φ = φAt = φM3 . Blue (dashed): the Higgs self-energy calculation is
parameterised in terms of mOSt , orange (solid): the calculation is parametrised in terms of
mt.
Then we make the substitution mt → mt−αsx and expand around x = 0 to obtain terms at
O(αtαs). We then edit the FeynHiggs code to include these additional terms and make use
of the option in FeynHiggs where the tree level stop sector parameters are calculated using
mt rather than m
OS
t .
3
5.4.1 Numerical results
Fig. 7 shows the neutral Higgs masses in the CPX scenario at tan β = 11 and MH± =
140 GeV as function of phase φ = φAt = φM3 , with the Higgs self-energy calculation pa-
rameterised in terms of mOSt (blue, dashed) and in terms of mt (orange, solid). These
results include the resummation of tan β-enhanced terms. We can see that, even in the
CP-conserving limit, parameterising the calculation in terms of mt rather than m
OS
t can
increase the lightest Higgs mass by 5.3 GeV. However, note that we will be interested in
the maximally CP-violating case φ = π/2, where we can see that the effect on Mh1 is more
modest: a 1.6 GeV absolute increase or a 2% relative increase.
6 Higgs cascade decay
We use the general expression for 2-body neutral Higgs boson decays4,
Γ(ha → hbhc) = Sρ|M|
2
8πM2ha
, (72)
where M is the matrix element.
3Note that the method described here differs from the FeynHiggs option runningMT = 1 at the 2-loop
order.
4In this convention, the capital letter Γ denotes a decay width when it has an argument which explicitly
contains the symbol ‘→’ (e.g. Γ(ha → hbhc)) and a vertex function when it does not (e.g. ΓtreeGff¯).
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Figure 8: The leading vertex corrections to the decay hi → hjhk, involving t/t˜ loops. (x, y, z
= 1,2)
For identical final state particles, hb = hc,
ρ =
Mha
2
√
1− 4M
2
hb
M2ha
, (73)
and the symmetry factor S is 1
2
. For the case hb 6= hc,
ρ =
1
2Mha
√
M4ha +M
4
hb
+M4hc − 2
(
M2haM
2
hb
+M2hbM
2
hc
+M2hcM
2
ha
)
, (74)
and the symmetry factor is 1.
Since the lowest order contribution involves only scalar particles, the tree level decay
width has a very simple form. For example, the h→ AA tree level decay width is given by
Γtree(h→ AA) = λ
tree,2
hAA
32πmha
√
1− 4m
2
A
m2h
, withλtreehAA = −c2βsα+β
eMW
2c2W sW
. (75)
6.1 Calculation of the genuine hi → hjhk vertex contributions
We calculate the full 1PI (one-particle irreducible) 1-loop vertex corrections to the hi → hjhk
decay width within the Feynman-diagrammatic approach, taking into account the phases of
all supersymmetric parameters. hi, hj , hk are some combination of the tree level Higgs fields
h,H,A. The programs FeynArts [119–121] and FormCalc [121, 122] are used to draw and
evaluate the Feynman diagrams using dimensional reduction, and LoopTools [122] is used
to evaluate the majority of the integrals. We use mb = m
MS,SM
b (m
OS
t ) and a top mass of
mt = m
MS,SM
t (m
OS
t ) = m
OS
t /
(
1 + 4
3pi
αs(m
OS
t )
)
in the t, t˜, b, b˜ masses which enter the genuine
vertex corrections in order to absorb some of the higher order SM QCD corrections. We use
a unit CKM matrix and assume no squark generation mixing.
6.1.1 Leading corrections (Yukawa terms)
At low to moderate values of tanβ, the leading corrections to the hi → hjhk vertex are the
Yukawa terms from the t, t˜ sector. These arise from the diagrams shown in Fig. 8.
As a first step, we select only terms proportional to m4t/(M
3
Ws
3
W ) (‘Yukawa terms’) and
perform the calculation at zero incoming momentum i.e. Σˆij(p
2 = 0). In this way, we obtain
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compact analytical expressions for the leading corrections to the hihjhk vertex. We find that
there are no counterterms contributing to the hihjhk vertex in this approximation.
Note that, for consistency, the stop masses mt˜1 and mt˜2 must also be calculated in the
Yukawa approximation according to eq. (71). We therefore arrive at the following expressions
for the leading Yukawa corrections in the t/t˜ sector, which we can express as corrections to
an effective coupling iλeff = iλtree + i∆λYuk.
For vertices involving the CP-even tree-level Higgs bosons for the case mt˜1 6= mt˜2 (the
expressions for mt˜1 = mt˜2 are given in App. C):
∆λYukφ1φ1φ1 = −
3e3m4t
32π2M3W s
3
Ws
3
β
Re [µXt]
m2
t˜1
−m2
t˜2
{
4m2t (Re [µXt])
2 E11122−11222 + 3µµ∗C112−122
}
,
(76)
∆λYukφ1φ1φ2 = −
3e3m4t
32π2M3W s
3
W s
3
β
1
m2
t˜1
−m2
t˜2
{
µµ∗
(
2 log
(
mt˜1
mt˜2
)
− 3Re [A∗tXt]C112−122
)
−4m2t (Re [µXt])2 (D1112−1222 + Re [A∗tXt]E11122−11222)
+2 (Im [µXt])
2 C112−122
}
, (77)
∆λYukφ1φ2φ2 =
3e3m4t
16π2M3W s
3
Ws
5
β
1
m2
t˜1
−m2
t˜2
{
2µµ∗sβcβ log
(
mt˜1
mt˜2
)
−s2βRe [µXt]
(
m2t
m2
t˜1
m2
t˜2
(
m2t˜1 −m2t˜2
)− 3 log(mt˜1
mt˜2
)
+
3
2
C112−122AtA∗t
+2m2tRe [A
∗
tXt] (2D1112−1222 + E11122−11222Re [A∗tXt])
)
−cβsβ (Im [µXt])2 C112−122
}
, (78)
∆λYukφ2φ2φ2 =
3e3m4t
16π2M3W s
3
W s
3
β
1
m2
t˜1
−m2
t˜2
{(
m2t˜1 −m2t˜2
)(
2− 3 log
(
mt˜1mt˜2
m2t
))
−3 log
(
mt˜1
mt˜2
)
(AtA
∗
t + Re [A
∗
tXt])−
m2t
m2
t˜1
m2
t˜2
(
m4t˜1 −m4t˜2
)
+3Re [A∗tXt]
(
m2t
m2
t˜1
m2
t˜2
(
m2t˜1 −m2t˜2
)
+
1
2
C112−122AtA∗t
+
2
3
m2tRe [A
∗
tXt] (3D1112−1222 + E11122−11222Re [A∗tXt])
)}
, (79)
where
Yt = At + tβµ
∗ (80)
C112−122 = C0
(
0, 0, 0, m2t˜1, m
2
t˜1
, m2t˜2
)− C0 (0, 0, 0, m2t˜1, m2t˜2 , m2t˜2)
= −2
 1
m2
t˜1
−m2
t˜2
−
(
m2
t˜1
+m2
t˜2
)
(
m2
t˜1
−m2
t˜2
)2 log(mt˜1mt˜2
) , (81)
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D1112−1222 = D0
(
0, 0, 0, 0, m2t˜1, m
2
t˜1
, m2t˜1 , m
2
t˜2
)−D0 (0, 0, 0, 0, m2t˜1, m2t˜2 , m2t˜2 , m2t˜2)
= − 1
2
(
m2
t˜1
−m2
t˜2
) (m2t˜1 +m2t˜2
m2
t˜1
m2
t˜2
− 4
m2
t˜1
−m2
t˜2
log
(
mt˜1
mt˜2
))
, (82)
E11122−11222 = E0
(
0, 0, 0, 0, 0, m2t˜1, m
2
t˜1
, m2t˜1 , m
2
t˜2
, m2t˜2
)
− E0
(
0, 0, 0, 0, 0, m2t˜1, m
2
t˜1
, m2t˜2 , m
2
t˜2
, m2t˜2
)
=
1
2
 1
m2
t˜1
m2
t˜2
(
m2
t˜1
−m2
t˜2
)
+
12(
m2
t˜1
−m2
t˜2
)3
1−
(
m2
t˜1
+m2
t˜2
)
(
m2
t˜1
−m2
t˜2
) log(mt˜1
mt˜2
)
 , (83)
and m2q˜1,2 are the stop masses in the Yukawa approximation, as given by eq. (71). C112−122,
D1112−1222 and E11122−11222 are functions of C0, D0 and E0 scalar integrals, respectively. Since
we are describing a process with 3 external legs, D0 and E0 do not appear explicitly in the
Feynman diagrams. However, these functions are very useful for simplifying the vertex
expressions.
The 1-loop corrections to a hihjhk vertex involving at least one CP-odd eigenstate (again,
for mt˜1 6= mt˜2) are given by
∆λYukφ1φ1A =
3e3m4t
32π2M3Ws
3
W s
4
β
Im [µXt]
m2
t˜1
−m2
t˜2
{
(µµ∗ − 2cβsβRe [µXt]) C112−122 + 4m2t (Re [µXt])2 E11122−11222
}
, (84)
∆λYukφ1φ2A = −
3e3m4t
32π2M3W s
3
Ws
4
β
Im [µXt]
m2
t˜1
−m2
t˜2
{
+2cβsβ log
(
mt˜1
mt˜2
)
+ (2Re [µAt]− cβsβ (µµ∗ + AtA∗t )) C112−122
+4m2tRe [µXt] (D1112−1222 + Re [A∗tXt]E11122−11222)
}
, (85)
∆λYukφ2φ2A = −
3e3m4t
32π2M3W s
3
Ws
4
β
Im [µXt]
m2
t˜1
−m2
t˜2
{
−2 m
2
t
m2
t˜1
m2
t˜2
(
m2t˜1 −m2t˜2
)
+2
(
2s2β + 1
)
log
(
mt˜1
mt˜2
)
− (2s2βRe [A∗tXt] + AtA∗t) C112−122
−4m2tRe [A∗tXt] (2D1112−1222 + Re [A∗tXt]E11122−11222)
}
, (86)
∆λYukφ1AA =
3e3m4t
32π2M3W s
3
W s
5
β
1
m2
t˜1
−m2
t˜2
{
c2βs
2
βRe [µXt]
(
2 log
(
mt˜1
mt˜2
)
− YtY ∗t C112−122
)
+2 (Im [µXt])
2 (cβsβC112−122 − 2m2tRe [µXt]E11122−11222)} , (87)
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∆λYukφ2AA =
3e3m4t
32π2M3W s
3
Ws
5
β
1
m2
t˜1
−m2
t˜2
{
s2βc
2
β
(
−2 (m2t˜1 −m2t˜2) log(mt˜1mt˜2m2t
)
−2 (Re [A∗tXt] + YtY ∗t ) log
(
mt˜1
mt˜2
)
+ YtY
∗
t Re [A
∗
tXt]C112−122
)
+2 (Im [µXt])
2 (s2βC112−122 + 2m2t (D1112−1222 + Re [A∗tXt]E11122−11222))} ,
(88)
∆λYukAAA = −
3e3m4t
32π2M3W s
3
Ws
6
β
(Im [µXt])
2
m2
t˜1
−m2
t˜2
{
3c2βs
2
β
(
2 log
(
mt˜1
mt˜2
)
− YtY ∗t C112−122
)
−4m2t (Im [µXt])2 E11122−11222
}
. (89)
These compact, momentum independent expressions have the advantage that they are
extremely easy to implement into a computer code. In this form, we are also able to see that,
despite including the effect of complex phases, these corrections are themselves entirely real.
In order to convert these corrections to the h,H,A basis, we use the mixing matrix from
eq. (2). For example, λeffhAA = λ
tree
hAA − sα∆λYukφ1AA + cα∆λYukφ2AA.
In the MSSM with real parameters and mt˜1 6= mt˜2 , these corrections reduce to the form
(here we drop the subscripts on C112−122,D1112−1222, E11122−11222 for brevity)
∆λYuk,CPCφ1φ1φ1 = −
3e3m4t
32π2M3Ws
3
W s
3
β
µ3Xt
m2
t˜1
−m2
t˜2
{
4m2tX
2
t E + 3C
}
,
(90)
∆λYuk,CPCφ1φ1φ2 = −
3e3m4t
32π2M3W s
3
W s
3
β
µ2
m2
t˜1
−m2
t˜2
{
2 log
(
mt˜1
mt˜2
)
− 3AtXtC − 4m2tX2t (D + AtXtE)
}
,
(91)
∆λYuk,CPCφ1φ2φ2 =
3e3m4t
32π2M3W s
3
Ws
3
β
2µ
m2
t˜1
−m2
t˜2
{
(2At +Xt) log
(
mt˜1
mt˜2
)
− Xtm
2
t
m2
t˜1
m2
t˜2
(
m2t˜1 −m2t˜2
)− 3
2
XtA
2
tC −2m2tAtX2t (2D + AtXtE)
}
,
(92)
∆λYuk,CPCφ2φ2φ2 =
3e3m4t
32π2M3W s
3
W s
3
β
2
m2
t˜1
−m2
t˜2
{(
m2t˜1 −m2t˜2
)(
2− 3 log
(
mt˜1mt˜2
m2t
))
−3 log
(
mt˜1
mt˜2
)
At (At +Xt)− m
2
t
m2
t˜1
m2
t˜2
(
m4t˜1 −m4t˜2
)
+3AtXt
(
m2t
m2
t˜1
m2
t˜2
(
m2t˜1 −m2t˜2
)
+
1
2
A2tC +
2
3
m2tAtXt (3D + AtXtE)
)}
,
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(93)
∆λYuk,CPCφ1AA =
3e3m4t
32π2M3Ws
3
W s
3
β
c2β
m2
t˜1
−m2
t˜2
{
µXt
(
2 log
(
mt˜1
mt˜2
)
− Y 2t C
)}
, (94)
∆λYuk,CPCφ2AA =
3e3m4t
32π2M3W s
3
Ws
3
β
c2β
m2
t˜1
−m2
t˜2
{
−2 (m2t˜1 −m2t˜2) log(mt˜1mt˜2m2t
)
−2 (AtXt + Y 2t ) log(mt˜1mt˜2
)
+ Y 2t AtXtC
}
(95)
and ∆λYuk,CPCφ1φ1A = ∆λ
Yuk,CPC
φ1φ2A
= ∆λYuk,CPCφ2φ2A = ∆λ
Yuk,CPC
AAA = 0. These expressions correspond
exactly to the results for the leading Yukawa corrections to the triple Higgs vertex in the
MSSM with real parameters published in Ref. [15].
For completeness, we also give the leading Yukawa corrections to the neutral Higgs self-
energies in the complex MSSM, which we used when investigating the effect of reparametris-
ing the Higgs self-energies in terms of the MS top mass, as described in Sect. 5.4. These
expressions can be found by considering diagrams involving t, t˜, b, b˜ loops only and selecting
those terms proportional to m2t/M
2
W (‘Yukawa terms’). The resulting corrections will be
finite and proportional to m4t . As before, the renormalisation constants δtβ, δM
2
W , δM
2
Z
and δZij, are all zero in this approximation and the incoming momentum is taken to be
zero. These expressions also involve the Higgs tadpoles and the charged Higgs self-energy
(since MH± is the input parameter rather than MA), which is also taken at zero incoming
momentum, such that
δM2H± = ΣH−H+ (0) . (96)
The leading corrections to the renormalised neutral Higgs energies in the Yukawa approxi-
mation for mt˜1 6= mt˜2 are thus given by [109]:
Σˆ
(1)φ1φ1
Yuk =
3e2m4t
16π2M2Ws
2
W s
2
β
(
(Re [µXt])
2
m2
t˜1
−m2
t˜2
C112−122 + µµ∗C12L
2
)
, (97)
Σˆ
(1)φ1φ2
Yuk = −
3e2m4t
16π2M2W s
2
Ws
2
β
(
µµ∗
tβ
C12L
2
+
Re [µXt]
m2
t˜1
−m2
t˜2
(
Re [A∗tXt]C112−122 − 2 log
(
mt˜1
mt˜2
)))
, (98)
Σˆ
(1)φ2φ2
Yuk = −
3e2m4t
16π2M2W s
2
Ws
2
β
(
2 log
(
mt˜1mt˜2
m2t
)
− µµ
∗
t2β
C12L
2
+
Re [A∗tXt]
m2
t˜1
−m2
t˜2
(
4 log
(
mt˜1
mt˜2
)
− Re [A∗tXt]C112−122
))
, (99)
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3e2m4t
32π2M2W s
2
Ws
3
β
Im [µ2X2t ]
m2
t˜1
−m2
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C112−122, (100)
Σˆ
(1)φ2A
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3e2m4t
16π2M2Ws
2
W s
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β
Im [µXt](
m2
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−m2
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) (Re [A∗tXt]C112−122 − 2 log(mt˜1mt˜2
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, (101)
Σˆ
(1)AA
Yuk =
3e2m4t
16π2M2Ws
2
W s
4
β
(
(Im [µXt])
2
m2
t˜1
−m2
t˜2
C112−122 + µµ∗C12L
2
)
, (102)
where
C12L = C0
(
0, 0, 0, m2t˜1, m
2
t˜2
,M2L
)
. (103)
Note that the C0 integrals do not appear automatically, as no 3-point functions are calculated.
However, substituting C0 integrals for combinations of the A0 and B0 integrals which appear
naturally in the calculation (all at zero momentum) does make the self-energy expressions
more compact. The expressions in the case where mt˜1 = mt˜2 are given in App. C.
6.1.2 Full 1-loop 1PI vertex corrections
For the full 1PI 1-loop corrections to the hihjhk vertex, we need the relevant counterterms.
Note that, for triple Higgs vertices with an external Higgs boson A, the field renormalisation
constant δZAG is required in order to ensure that the vertex is UV-finite. We have extended
the FeynArts [119–121] model files in order to include these counterterms.
Examples of Feynman diagrams contributing to these vertex corrections are shown in
Fig. 9.
We also investigated the effect of including loop-corrected masses and couplings of the
Higgs bosons in the one-loop contributions to the hihjhk vertex, instead of the tree level
quantities. In order to ensure the UV divergences cancelled, we transformed the couplings of
the internal Higgs to the other particles using a unitary approximation to the matrix Zˆ (by
setting the momentum in the neutral Higgs self-energies Σhihj to (m
2
hi
+m2hj )/2), which we
implemented into a FeynArts [119–121] model file. For consistency, the loop corrected Higgs
masses of these internal Higgs bosons were also calculated using this unitary rotation matrix.
(Note that we continued to use the full Higgs masses and Higgs propagator corrections for
the external Higgs bosons). These corrections were numerically insignificant in the examples
investigated.
6.2 Combining the 1PI vertex corrections with propagator cor-
rections to obtain the full ha → hbhc decay width
We can combine vertices involving the tree level Higgs bosons hi, hj, hk with the wave-
function normalisation factors contained in the matrix Z, which contain self-energies from
the program FeynHiggs, in order to obtain processes involving the loop-corrected states
ha, hb, hc as the external particles (as discussed in Sect. 4.2).
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Figure 9: Examples of generic diagrams (showing only one of the topologies) contributing
to the processes hi → hjhk. hi, hj , hk are the physical Higgs fields at tree level (h,H,A), f
are SM fermions, f˜ are their superparters, χ˜0, χ˜ are neutralinos and charginos, V are vector
bosons, H denote the neutral and charged Higgs bosons and the Goldstone bosons, u are
Faddeev–Popov ghost fields.
These ‘Z-factors’ can be used in conjunction with tree level5 vertices λtreehihjhk using (sum
over i, j, k)
λtreehahbhc = ZˆckZˆbjZˆaiλ
tree
hihjhk
. (104)
The decay width is then given by eq. (72) with |M|2 = |λtreehahbhc|2 or |M|2 = |λeffhahbhc|2.
Note that this means that our decay width will contain pieces of type (1-loop)×(1-loop),
which is necessary since the tree level coupling is often smaller than the leading loop correc-
tions to the coupling.
We obtain our full result by combining the complete genuine 1-loop vertex corrections
Γ1PI,1−loophihjhk and the corrections involving 1-loop Goldstone and Z boson self-energy contribu-
tions ΓG,Z sehihjhk with the Z-factors, such that (sum over i, j, k)
Γfullhahbhc = ZˆckZˆbjZˆai
[
Γtreehihjhk + Γ
1PI,1−loop
hihjhk
(
M2ha ,M
2
hb
,M2hc
)
+ ΓG,Z sehihjhk
(
m2hi , m
2
hj
, m2hk
)]
.
(105)
The genuine 1-loop vertex corrections Γ1PI,1−loophihjhk contain the full momentum dependence
and therefore depend on the loop-corrected masses M2ha ,M
2
hb
,M2hc at the external legs. How-
ever, as discussed in detail in Sect. 4.3, unphysical poles from diagrams involving Goldstone
and Z boson self-energies can be avoided by approximating the external momenta to the tree
level values in the corresponding contributions, i.e. ΓG,Z sehihjhk is a function of m
2
hi
, m2hj , m
2
hk
.
Again, the decay width is then given by eq. (72) but with |M|2 = |Γfullhahbhc|2.
5This method can also be used for the effective vertices λeffhahbhc i.e. λ
eff
hahbhc
= ZˆckZˆbjZˆaiλ
eff
hihjhk
.
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6.3 Numerical Results
6.3.1 h2 → h1h1 decay width
We will now investigate the importance of the full 1-loop genuine corrections through their
numerical impact on the h2 → h1h1 decay width. All the results plotted in this section
include the wave-function normalisation factors, through the matrix Z. The case where
only wave-function normalisation factors but no genuine one-loop vertex contributions are
included will be denoted ‘tree’.
Fig. 10 compares the ‘tree’ result with the full result which includes the genuine vertex
correction and all propagator corrections, as described by eq. (105), in the CPX scenario. In
Fig. 10 (left), we can see that ‘tree’ and full decay widths are very different. The full result
has a peak (i.e. local maximum) at tan β = 8.7. There is a corresponding peak in the ‘tree’
result at tanβ = 5.5. However this peak is 7.5 times smaller than the peak in the full result.
The sharp increase in the full result at low tanβ is because we have chosen to keep Mh1
constant, which requires a rapid change in MH± in this part of parameter space (the ‘tree’
result also exhibits this behaviour, but at tan β ∼ 2.5, which is not shown on the graph).
In Fig. 10 (right), we can see that both the ‘tree’ and full decay widths decrease as the
lightest Higgs mass Mh1 increases, as we would expect from the kinematics. Again, the
‘tree’ level result is heavily suppressed compared to the full result. We can conclude that
calculations of triple-Higgs couplings which just combine the propagator corrections with the
tree level vertex but do not take into account genuine vertex corrections are an extremely
poor approximation to the full result.
Fig. 11 demonstrates the pronounced dependence of the results on the complex phase φ,
where φ = φAt = φAb = φAτ = φM3, at tan β = 11, MH± = 300 GeV (all other parameters
are taken from the CPX scenario). We can see once again that while the ‘tree’ result gives
qualitatively similar behaviour, the peaks are less than a quarter of the peaks in the full
result, and the positions of the troughs are shifted. It is interesting to note that the genuine
vertex corrections play a highly significant role over essentially the full range of φ, including
the points at φ = 0 and φ = π where the parameters are entirely real.
Fig. 10 and Fig. 11 also demonstrate the results of two methods for obtaining effective
h1h1h1 couplings: the leading Yukawa corrections eqs. (76)–(89) and the fermion/sfermion
corrections taken at p2 = 0. Both approximations are a big improvement over the ‘tree’
result.
In Fig. 10, at the peak at tan β = 8.7, the result using f, f˜ at p2 = 0 is within 14% of
the full result and the ‘leading Yukawa’ approximation is within 27% of the full result. As
we can see from Fig. 11 at φ = 0, in some parts of parameter space, the ‘leading Yukawa’
approximation accidentally performs better than the f, f˜ at p2 = 0 terms, although it is a
less complete approximation to the full result.
This calculation of the h2 → h1h1 decay width also applies to the MSSM with real
parameters. In Fig. 12, we show the results for the decay width Γ(H → hh) in the mmaxh
scenario as a function of tan β at MH± = 300 GeV. As we saw in the CPX scenario,
using the tree level triple Higgs vertices combined with the propagator corrections is a
poor approximation to the full genuine triple Higgs vertex corrections combined with the
propagator corrections. The ‘leading Yukawa’ approximation and using the fermion/sfermion
corrections at p2 = 0 in the genuine vertex corrections are far better approximations to the
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Figure 10: The decay width Γ(h2 → h1h1) in the CPX scenario as a function of tan β at
Mh1 = 40 GeV (left) and as a function of Mh1 at tβ = 6 (right). MH± is adjusted to give the
Mh1 as required. All results include the propagator corrections. ‘tree’ indicates that the tree
level triple Higgs vertex has been used. ‘leading Yukawa’ includes the leading genuine vertex
corrections given in eqs. (76)–(89). ‘f,sf p2=0’ includes contributions to the genuine vertex
corrections from fermions and sfermions only and approximates the external momenta to
zero. The curve labelled ‘full’ shows the result including the full genuine vertex corrections.
full result.
6.3.2 Effective coupling approximation for the lightest neutral Higgs boson
As we have seen, the effective triple Higgs vertices obtained using the leading corrections
in the Yukawa approximation (as given in eqs. (76)–(89)) and the effective triple Higgs
vertices obtained using the fermion/sfermion corrections at p2 = 0 in the genuine vertex
corrections and combining with the propagator corrections have both performed rather well
as approximations to the h2 → h1h1 or H → hh decay width. We have also seen that
it is possible to get a large enhancement in these decay widths from the genuine vertex
corrections. We shall now apply these approximations to the triple coupling of the lightest
Higgs boson.
Fig. 13 shows this effective coupling squared, supplemented by propagator corrections
and normalised to the tree level SM value (with equal Higgs mass). We can see that there
is a suppression with respect to the tree level SM value if no genuine vertex corrections are
included. This holds even in the limit of largemA. This is because the SM tree-level coupling
involves the square of the physical Higgs mass whereas the effective coupling in this limit
involves the square of the tree-level mass of the lightest MSSM Higgs boson.
In Fig. 13, we also show the areas which are already excluded at the 95% CL by the
LEP Higgs searches, which we have determined using the method described in Sect. 10.2
below. Including the genuine vertex corrections gives an overall enhancement of the effective
couplings squared of approximately 1.2 to 1.6 in the parts of this parameter space which are
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Figure 11: The dependence of the h2 → h1h1 decay width on the phase φ = φAt = φAb =
φAτ = φM3 (CPX scenario at tanβ = 11, MH± = 300 GeV). The full result is compared
with different approximations, which are the same as those specified in Fig. 10.
not yet excluded. This could have interesting implications for the sensitivity of searches at
the LHC and LC to effects of the triple-Higgs coupling in the MSSM.
7 Higgs decay to SM fermions
7.1 Calculation of the ha → bb¯ decay width
We use the general expression for two-body decay widths given in eq. (72) to obtain:
Γ(ha → bb¯) = Nc
8πM2ha
Mha
2
√
1− 4m
2
b
M2ha
|M|2 , (106)
where Nc is the number of colours. The mass dependence of the squared matrix element
|M|2 will be affected by the CP properties of the Higgs boson. For example, at lowest order,
Γtree(ha → bb¯) = Nc
8π
Mha
2
(
1− 4m
2
b
M2ha
)x ∣∣λtreehabb¯∣∣2 , (107)
where
∣∣λtree
hbb¯
∣∣2 = λ(0),2b s2α, ∣∣λtreeHbb¯∣∣2 = λ(0),2b c2α and ∣∣λtreeAbb¯∣∣2 = λ(0),2b s2β with x = 3/2 for the CP
even states h,H and x = 1/2 for the CP odd state A. λ
(0)
b was defined in eq. (37).
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Figure 12: The decay width Γ(H → hh) in the mmaxh scenario as a function of tan β at
MH± = 300 GeV. The full result is compared with different approximations, which are the
same as those specified in Fig. 10.
7.1.1 Standard Model QED corrections
The real and virtual QED contributions to the Standard Model HSM → bb¯ decay width lead
to the 1-loop correction
ΓQED(H
SM → bb¯) = Γtree(HSM → bb¯)
[
1 +
α
π
Q2b
(
−3 log(MHSM
mb
) +
9
4
)]
, (108)
for M2,SMH ≫ mf , as derived in Ref. [123]. In this limit, this equation can be used for the
QED corrections for both the scalar and pseudoscalar MSSM Higgs bosons [31]. We will
therefore use the correction term
δQED :=
α
π
Q2b
(
−3 log(Mha
mb
) +
9
4
)
(109)
in our MSSM calculation.
7.1.2 Standard Model QCD corrections
If the factor Q2bα in eq. (108) is replaced by the factor Cfαs(M
SM
H ), the expression for the
1-loop QCD correction to the HSM → bb¯ decay in the Standard Model is obtained, as shown
in Ref. [123]. Cf is the quadratic Casimir operator (Cf =
4
3
) and αs(M
2,SM
H ) is the running
coupling. Including the tree level result gives
ΓQCD(H
SM → bb¯) =
[
Γtree(HSM → bb¯)
m2,OSb
]
m2,OSb
[
1 +
αs(µ
2
ren)
π
Cf
(
−3 log(MHSM
mb
) +
9
4
)]
,
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Figure 13: The triple coupling of the lightest Higgs boson squared, normalised to the SM
tree-level value (with equal Higgs mass). Left: mmaxh scenario at MH± = 300 GeV, varying
tanβ. Right: CPX scenario, tβ = 11, MH± = 300 GeV, varying the phase φ = φAt =
φAb = φAτ = φM3. All results include the propagator corrections. ‘tree’ indicates that the
tree level triple Higgs vertex has been used. ‘leading Yukawa’ includes the leading genuine
vertex corrections using the Yukawa approximation, as given in eqs. (76)–(89). ‘f,sf p2=0’
includes contributions to the genuine vertex corrections from fermions and sfermions only
and approximates the external momenta to zero. Yellow (shaded): excluded at 95% CL by
the LEP Higgs searches (see Sect. 10.2 for details).
(110)
where we have factored out the Yukawa coupling from the term in the square bracket.
In the mass range we are interested in, MSMH ≫ mb, this leading logarithmic approxi-
mation is not sufficient. However, the large logarithmic corrections can be absorbed into a
running bottom quark mass. Substituting the relation between the on-shell b-quark mass
and the running SM MS b-quark mass into eq. (110) gives
ΓQCD(H
SM → bb¯) =
[
Γtree(HSM → bb¯)
m2,OSb
]
m2,MS,SMb (µren)
[
1 +
αs(µ
2
ren)
4π
(
−16 log(MH
µren
) +
68
3
)]
,
(111)
and we can choose µren = M
SM
H in order to cancel the logarithmic term.
In practice, we parametrise our calculation in terms of mMS,SMb (Mha). Therefore, in order
to encompass the full 1-loop Standard Model-type QCD corrections in our calculation, we
will need to add a correction
δQCD :=
17
3
αs(M
2
ha
)
π
(112)
to the ha → bb¯ decay width.
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Our method differs from that of Ref. [30], which includes some higher order terms in
αs(µ
2
ren) and m
MS,SM
b (µren) and an extra term proportional to αs(m
2
b)/αs(M
2
ha
). Our method
also differs from Ref. [94], which includes terms proportional to α2s. However, some of these
terms depend on the CP properties of the Higgs, and thus are not trivially extendable to
the complex MSSM. Both Ref. [30] and Ref. [94] restrict their analyses to the MSSM with
real parameters.
7.1.3 Full 1-loop 1PI hi → bb¯ vertex corrections
In order to calculate the 1-particle irreducible vertex corrections at 1-loop, we have once again
extended the FeynArts model file to include the relevant counterterms. We have evaluated
the complete contributions in the MSSM, apart from the QED- and QCD-type corrections,
for which we use the results given in eq. (109) and eq. (112), respectively. (Note that we
include the photon contribution to the W boson mass counterterm). We include all complex
phases. As discussed above, we use mMS,SMb (Mha) in these corrections in order to absorb
some of the higher order terms. As before, we use a unit CKM matrix and include no squark
generation mixing.
7.1.4 Resummed ∆mb corrections to hi → bb¯
In order to resum the leading SUSY QCD (and higgsino) corrections for the case of large
tanβ in the limit of heavy SUSY particles, we use the effective vertices v∆mb
hib¯b
from the
effective Langrangian in eq. (33).
v∆mb
hb¯b
=
1
1 + y
[
1− 1
tαtβ
y + iγ5x
(
1 +
1
tαtβ
)]
vtreehb¯b
v∆mb
Hb¯b
=
1
1 + y
[
1 +
tα
tβ
y + iγ5x
(
1− tα
tβ
)]
vtreeHb¯b
v∆mb
Ab¯b
=
1
1 + y
[
1− 1
t2β
y + iγ5x
(
1 +
1
t2β
)]
vtreeAb¯b. (113)
When combining this contribution with the full genuine vertex corrections, we need to
avoid double-counting of the 1-loop corrections involving gluinos or higgsinos. Therefore, we
subtract the 1-loop part of these effective vertices, i.e. we use effective couplings of the form(
v∆mb
hib¯b
− v∆mb,1−loop
hib¯b
)
where
v∆mb,1−loop
hb¯b
=
[
Re∆mb
(
−1 − 1
tαtβ
)
+ iγ5Im∆mb
(
1 +
1
tαtβ
)]
vtreehb¯b, (114)
v∆mb,1−loop
Hb¯b
=
[
Re∆mb
(
−1 + tα
tβ
)
+ iγ5Im∆mb
(
1− tα
tβ
)]
vtreeHb¯b, (115)
v∆mb,1−loop
Ab¯b
=
[
Re∆mb
(
−1 + 1
t2β
)
+ iγ5Im∆mb
(
1 +
1
t2β
)]
vtreeAb¯b. (116)
33
7.1.5 Combining these contributions with propagator corrections to obtain the
full ha → bb¯ decay width
The tree level, 1-loop 1PI hi → bb¯ vertex function and the additional ∆mb corrections are
then combined with the propagator corrections from the hihj self-energies (via Zˆ) and from
the hiG and hiZ self-energies:
Γhabb¯ = Zˆai
[
Γ∆mb,no 1−loop
hibb¯
+ Γ1PI,1−loop
hibb¯
(
M2ha
)
+ ΓG,Z se
hibb¯
(
m2hi
)]
. (117)
The arguments to Γ1PI,1−loop
hibb¯
and ΓG,Z se
hibb¯
denote the external momenta used. Γ∆mb,no 1−loop
hibb¯
denotes the use of
(
v∆mb
hib¯b
− v∆mb,1−loop
hib¯b
)
. Γhabb¯ is combined with the external fermion wave-
functions, then we take the squared modulus and sum over external spins to get |Mhabb¯|2.
The full ha → bb¯ decay width is thus found using
Γfull(hi → bb¯) = [1 + δQCD + δQED] Nc
8πM2ha
Mha
2
√
1− 4m
2
b
M2ha
|Mhabb¯|2 , (118)
which is an extension of the method used to combine QED, QCD and Z-factor corrections
in Ref. [30].
7.1.6 Numerical Results
Fig. 14 illustrates the decay widths Γ(h1 → bb¯) (left), Γ(h2 → bb¯) (centre) and Γ(h3 → bb¯)
(right) as a function of the charged Higgs mass for the CPX scenario with tanβ = 20. All
results include the propagator corrections, incorporated via the matrix Z, and the Goldstone
and gauge boson mixing contribution. We note that the h1 and h2 decay widths have steep
gradients at MH± ∼ 157 GeV due to a ‘cross-over’ effect in the masses (i.e. Mh1 and Mh2
approach each other). At MH± ∼ 150 GeV, h1 is mostly A, h2 is mostly h and h3 is mostly
H , whereas at MH± ∼ 200 GeV, h1 is mostly h, h2 is mostly A and h3 is mostly H .
The impact of including the resummed ∆mb contributions is very significant, as we
can see from comparison of the result using the propagator, SM QCD and QED corrections
(‘QED, QCD’) and the result when the resummed ∆mb contributions are included in addition
(‘QED, QCD, ∆mb’). Fig. 14 also includes the full decay widths (‘full’), which combine the
propagator, QED, SM QCD, SUSY QCD corrections with the full electroweak genuine vertex
corrections, as described by eq. (118), and the effect of including the full corrections turns
out to be relatively small but not negligible. At MH± = 600 GeV, these extra electroweak
corrections are 5.6%, 5.7% and 5.0% for the decay of h1, h2, h3, respectively.
It is possible to approximate the ‘QED, QCD, ∆mb’ result using an effective b-quark
mass ofmMS,SMb (mt)/|1+∆mb| (with no additional ∆mb contributions), which we call ‘QED,
QCD, effective mb’. The resulting decay widths are also shown in Fig. 14. In general, this
approximation performs well. However, note that in the decoupling limit, where the h1 is
SM-like, the effect of the SUSY QCD corrections should cancel out in the h1 decay width. In
the approximate ‘QED, QCD, effective mb’ result, this does not occur, giving a offset which is
significant in relative terms, although small in absolute terms. In the regionMH± = 200 GeV
to MH± = 600 GeV shown here, this offset between the ‘QED, QCD, effective mb’ result
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Figure 14: The decay widths of the neutral Higgs bosons to two b-quarks in the CPX scenario
with tan β = 20. See text for explanation of the various approximations used.
and the approximate result is more than 44% of the ‘QED, QCD, ∆mb’ result, while the
absolute difference is less than 0.002 GeV.
The ha → bb¯ decay width in the CPX scenario is highly dependent on φM3. Fig. 15 shows
the decay widths of the two lightest Higgs bosons into b-quarks at φM3 = 0, φM3 = π/2 and
φM3 = 3π/4. Whereas the inclusion of the resummed ∆mb-type corrections suppresses the
decay width at φM3 = 0, at φM3 = π/2 and φM3 = 3π/4 these corrections have caused an
enhancement. The value of ∆mb in these plots is 1.05 − 0.12i, −1.16i,−0.75 − 0.86i for
φM3 = 0, φM3 = π/2 and φM3 = 3π/4, respectively.
7.2 Calculation of the ha → τ+τ− decay width
The calculation of the ha → τ+τ− decay width is similar to that of the ha → bb¯ decay
width, with the simplification that no QCD corrections are required. We have calculated the
full 1-loop genuine vertex corrections and supplemented these with propagator corrections
(including 1-loop mixing with Goldstone and Z bosons) and QED corrections. As before, we
have included all complex phases.
8 Higgs cascade decay branching ratios
Accurate predictions for Higgs branching ratios are vital for Higgs phenomenology. In partic-
ular, they are required as part of calculations of cross sections of collider processes involving
the production and decay of an on-shell Higgs boson, which are often performed using the
narrow width approximation. In Sect. 10.2, we will use Higgs branching ratios for the CPX
scenario in conjunction with the LEP topological cross section limits. In order to understand
the resulting exclusions, it will be necessary to refer to the behaviour of the contributing
branching ratios.
We combine the ha → hbhc decay widths calculated in Sect. 6 with the ha → bb¯ and ha →
τ−τ+ decay widths calculated in Sect. 7. As we have discussed, these decay widths include
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Figure 15: The decay widths of the two lightest neutral Higgs bosons to two b-quarks in the
CPX scenario with tan β = 20 at various values of φM3. Solid: ha = h1, dashed: ha = h2.
the full 1-loop genuine vertex corrections and are combined with propagator corrections6
obtained using neutral Higgs self-energies from the program FeynHiggs [6–10], which include
the leading 2-loop contributions. The 1-loop propagator mixing with Goldstone and Z bosons
is also consistently incorporated. These results take into account the full phase dependence
of the supersymmetric parameters. For the ha → bb¯ decay width, the ∆mb corrections are
resummed in a way that preserves the phase dependence. We take all other decay widths
from the program FeynHiggs [6–10] (these decay modes are subdominant in most of the
regions of MSSM parameter space).
Fig. 16 (left plot) illustrates the pronounced dependence of the h2 → h1h1 branching
ratio on tanβ and Mh1 . We see that this decay mode is significant and often dominant in
almost all of the regions where it is kinematically allowed. We can see that the characteristics
of the h2 → h1h1 branching ratio are largely determined by the behaviour of the h2 → h1h1
decay widths (in Fig. 10 we showed this decay width for two slices of CPX parameter space).
Note, in particular, the narrow ‘knife-edge’ region of very low h2 → h1h1 branching ratio,
which occurs at tan β ∼ 4.5, where the h2 → h1h1 decay width tends to zero. The behaviour
of the h2 → bb¯ branching ratio is also heavily dependent on the h2 → h1h1 decay width
where the h2 → h1h1 decay is allowed kinematically, since in this region, the h2 → h1h1
decay usually makes up the majority of the total decay width. Over the majority of CPX
parameter space, BR(h2 → h1h1)+BR(h2 → bb¯)+BR(h2 → τ+τ−)∼ 1, and BR(h2 → τ+τ−)
is comparatively small.
6Notice also that there are some points within the CPX parameter space that are shown here without a
branching ratio value and that the edge of the allowed parameter region is uneven. These are points where
either the mass calculation or the Z-factor calculation did not produce a stable result because the terms
involving double derivatives of self-energies were non-negligible, as described in eq. (17).
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Figure 16: The branching ratios of neutral Higgs bosons into other neutral Higgs bosons in
the CPX scenario.
The Higgs cascade decays for the heaviest neutral Higgs h3 also dominate in the majority
of the region where they are kinematically allowed. The h3 → h1h1 branching ratio (middle
plot of Fig. 16) also has a narrow region at tanβ ∼ 4 − 5 in which, while the h3 → h1h1
decay is kinematically allowed, the decay width is nevertheless suppressed, characteristically
similar to the suppressed region we observed in the h2 → h1h1 branching ratio. In particular,
topologies involving h3 can be relevant to the LEP exclusions in the region 10 <∼ tanβ <∼ 30,
Mh1
<∼ 60 GeV for variations of the CPX scenario. In this region of parameter space, the
h3 → h1h1 decay width is a crucial contribution also to the h3 → bb¯ branching ratio. The
h3 → h2h1 decay width (the h3 → h2h1 branching ratio is shown in the right plot of Fig. 16),
on the other hand, is of less phenomenological interest in this scenario, since this decay width
dominates the total h3 width in a region which, as we will see, can be excluded at the 95%
CL using limits on the cross sections of topologies involving h1 and h2.
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9 Normalised e+e− Higgsstrahlung and pair production
cross sections
In order to examine the effect of our predictions for the Higgs branching ratios on the size of
the regions of CPX parameter space which can be excluded by the LEP Higgs searches, we
need to consider the Higgsstrahlung and Higgs pair production cross sections, normalised to
a reference cross section σref . In the MSSM with real parameters, the corrections to the LEP
Higgsstrahlung and LEP pair production processes have been studied in detail [34–39]. In the
MSSM with CP violation, there has also been considerable interest in accurate predictions
of these cross sections, although the full 1-loop corrections are not yet available [40–44].
For the Higgsstrahlung topologies e+e− → haZ, the reference cross section σref is the
tree level SM cross section for the process e+e− → Z → HZ, for a SM-like Higgs of mass
MH = Mha . For the pair production topologies e
+e− → hahb, the reference cross section σref
is the tree level MSSM cross section for the process e+e− → Z → h0A0, where the MSSM
coupling factor cos2 (β − α) has been divided out and the masses of h0 and A0 taken as Mha
and Mhb respectively. This reference cross section can also be expressed in terms of the
Standard Model Higgsstrahlung production cross section,
σref = λ¯σ
SM(e+e− → HZ), (119)
where λ¯ is a kinematic factor which takes into account the different kinematic dependences
of the SM Higgsstrahlung and the pair production process, i.e.
λ¯ = λ
3/2
hahb
/
(
12M2Z/s+ λZH
)
/λ
1/2
ZH , (120)
λxy =
[
1− (Mx +My)2 /s
] [
1− (Mx −My)2 /s
]
, (121)
and H is a SM-like Higgs with mass MH .
For the majority of our scans, we will calculate these normalised cross sections using
an effective coupling for the ha-Z-Z or ha-hb-Z vertex, which incorporates external Higgs
propagator corrections. However, we will also examine the effect of including the complete
t, t˜, b, b˜ 1-loop corrections (involving also genuine vertex corrections) in these cross sections.
9.1 Normalised effective Higgs couplings to gauge bosons
The matrix Z can be used to create a normalised effective coupling between neutral Higgs
bosons and Z bosons which takes the corrections to the external Higgs propagators into
account, though the relations
geffhaZZ = Zaig
tree
hiZZ
, (122)
geffhahbZ = ZbjZaig
tree
hihjZ
, (123)
where gtreehiZZ are normalised to the SM coupling, such that (g
tree
hZZ)
2 = sin2 (β − α), (gtreeHZZ)2 =
cos2 (β − α) and (gtreeAZZ)2 = 0. In addition, we normalise the gtreehihjZ such that (gtreehAZ)2 =
cos2 (β − α) and (gtreeHAZ)2 = sin2 (β − α). All other gtreehihjZ are zero.
Fig. 17 illustrates the normalised squared effective Higgs couplings to gauge bosons
|geffhaZZ|2 in the CPX scenario. We can see that the h1-Z-Z coupling dominates around
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Figure 17: The effective couplings of the neutral Higgs bosons to two Z bosons,
|geffh1ZZ|2,|geffh2ZZ|2 and |geffh3ZZ|2, which include the Higgs propagator corrections calculated
using the matrix Zˆ.
the edge of the available parameter space, the h3-Z-Z coupling dominates in a region
Mh1 < 60 GeV and 7
<∼ tanβ, and the h2-Z-Z coupling dominates the region in between,
such that |geffh1ZZ |2 + |geffh2ZZ|2 + |geffh3ZZ|2 ∼ 1. Fig. 18 illustrates the behaviour of |geffhahbZ|2,
which can be described as |gheffa ZZ|2 ∼ |geffhbhcZ |2, where ha, hb, hc are all different. (If a unitary
approximation to the Z matrix is used, as in the LEP Higgs Working Group analysis of the
CPX scenario [2], these relations become equalities.)
The normalised Higgsstrahlung and pair production cross sections can then be approxi-
mated by these effective couplings, i.e
σ(e+e− → haZ)/σref = |geffhaZZ|2, (124)
σ(e+e− → hahb)/σref = |geffhahbZ |2. (125)
9.2 Loop corrections to the Higgsstrahlung and pair production
cross sections
We now consider 1-loop corrections to the LEP Higgsstrahlung and pair production processes
involving the particles t, t˜, b, b˜. The structure of these diagrams is shown in Fig. 19, where
loops involving t, t˜, b, b˜ are indicated by grey circles. In general, lines labelled with X can be
h,H,A,G, Z, where the resulting diagram conserves CP at the tree level vertices involving
the gauge and Higgs bosons. We neglect the electron mass and therefore will not include
any diagrams in which a Higgs boson couples directly to the electrons. We then include the
Higgs propagator factors for the Higgs on external legs through the Z matrix, as previously.
The result of including these corrections on the normalised Higgsstrahlung cross section in
the CPX scenario atMh1 = 40 GeV is given in Fig. 20 (left). The dashed lines show the result
for the tree level hi-Z-Z vertex combined with Higgs propagator factors, using eq. (122). The
solid lines show the result when the full t, t˜, b, b˜ 1-loop corrections are also included. Similarly,
the dashed lines in Fig. 20 (right) show the normalised pair production cross sections using
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Figure 18: The effective couplings of two neutral Higgs bosons to a Z boson, |geffh1h2Z |2,|geffh1h3Z|2
and |geffh2h3Z |2, which include the Higgs propagator corrections calculated using the matrix Zˆ.
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Figure 19: Additional corrections to the Higgsstrahlung and pair production processes. The
grey circles indicate loops involving t, t˜, b, b˜ and XI , XJ = (h,H,A,G, Z). Note that not
all of the combinations are physical, since the tree level vertices must be CP-conserving.
In addition, we neglect the electron mass, therefore no contributions where a Higgs boson
couples to the electrons are included.
eq. (123), and the solid lines show the result if the t, t˜, b, b˜ 1-loop corrections are also used.
The effect of including the t, t˜, b, b˜ corrections turns out to be negligible for the Higgsstrahlung
process. However, for the pair production process, a more sizable effect is visible, leading to
an increase of the normalised cross section. This is due to the additional Yukawa coupling
in the genuine vertex corrections of the Higgs pair production process as compared to the
Higgsstrahlung process, so that a larger enhancement factor is possible in this case. As will
be discussed in the follwing section, the impact of this kind of corrections on the coverage
of the LEP Higgs searches in the CPX scenario is nevertheless rather small.
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Figure 20: The normalised Higgsstrahlung cross sections (left) and normalised pair pro-
duction cross sections (right) in the CPX scenario at Mh1 = 40 GeV. Dashed lines: using
eq. (122) or eq. (123). Solid lines: as for the dashed lines except that the t, t˜, b, b˜ 1-loop
corrections are also included (neglecting the electron mass).
10 Confronting the Higgs sector predictions with lim-
its from the LEP Higgs searches
10.1 LHWG limits on the parameter space of the CPX scenario
After the LEP programme finished in 2000, the final results from the four LEP collaborations
(ALEPH [1, 124, 125], DELPHI [126, 127], L3 [128] and OPAL [129, 130]) were combined
and examined for consistency with a background hypothesis and a signal plus background
hypothesis in a coordinated effort between the LEP Higgs Working Group for Higgs Searches
and the LEP collaborations (LHWG). The results showed no significant excess of events
which would indicate the production of a Higgs boson. In the Standard Model, a lower
bound on the Higgs mass of 114.4 GeV at the 95% confidence level was established [1], while
restrictions were placed on the available parameter space of a variety of MSSM benchmark
scenarios [2], including the CPX scenario [5]7.
For the purposes of the LHWG analysis, two different programs were used to calculate
Higgs masses and branching ratios in the complex MSSM: FeynHiggs version 2.0 [10] and
CPH [5], which was a predecessor of the program CPsuperH [11, 12]. These two codes had
significant differences in the incorporated higher order corrections, and it was necessary to
perform a conversion between the two sets of input parameters, due to the different renormal-
7Note that the definition of the CPX scenario used in Refs. [2, 5] differs slightly from the definition used
in the present paper, as discussed in Sect. 3.
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isation schemes used in the two codes. As explained below, the parameter conversion used
was an approximation based on a calculation performed in the MSSM with real parameters.
Separate analyses were performed using FeynHiggs and CPH. In order to combine these
results, a conservative method was adopted, in which a point in parameter space was regarded
as excluded only if it was excluded by both the analysis using results from FeynHiggs and the
analysis using results from CPH. The LHWG analysis resulted in three unexcluded regions
of CPX parameter space at 95 % CL:
• (A) 60 GeV <∼Mh1 and 3 <∼ tan β
• (B) 30 GeV <∼Mh1 <∼ 50 GeV and 3 <∼ tan β <∼ 10
• (C) 0 GeV <∼Mh1 <∼ 10 GeV and 3 <∼ tanβ <∼ 20
The results from the separate FeynHiggs and CPH analyses showed substantial differ-
ences. In particular, the FeynHiggs analysis had a larger unexcluded region of type B, and
the CPH analysis had a larger unexcluded region of type A, while both results showed similar
unexcluded regions of type C. We shall concentrate on unexcluded regions of type A and
B in this paper, since constraints other than those from Higgs searches play a role in the
unexcluded region C (see, e.g., Ref. [131] for a discussion of region C).
There was an additional complication, since FeynHiggs as yet does not have a reliable
calculation for the loop corrections to the triple Higgs couplings in the CP-violating MSSM.
For the purposes of the ‘FeynHiggs’ analysis, the triple Higgs coupling was therefore obtained
from CPH, and then combined with Higgs masses and other Higgs sector quantities as
calculated by FeynHiggs [2]. As we will see, higher order corrections to the triple Higgs
coupling have a great influence on the size, shape and position of the unexcluded region B.
10.2 The effect of the new Higgs sector corrections on the limits
on the parameter space of the CPX scenario
The LEP Higgs Working Group for Higgs Searches and the LEP collaborations also published
their combined results in the form of topological cross section limits at 95% CL, which can
be applied to a wide range of theoretical models. In each of these topologies, the Higgs is
produced either through Higgsstrahlung or pair production and decays either to b-quarks,
tau-leptons or via the Higgs cascade decay. To a very good approximation, the kinematic
distributions of these processes are independent of the CP properties of the Higgs bosons
involved, as discussed in Ref. [2]. Therefore, the same topological bounds can be used for
CP-even, CP-odd or mixed CP Higgs bosons.
In this section, we will use the topological cross section limits from LEP in conjunction
with updated predictions for the Higgs masses, couplings and branching ratios. In particular,
we shall be using our full 1-loop diagrammatic calculation for the hi → hjhk decay processes
with full phase dependence as described in Sect. 6, combined with renormalised neutral Higgs
self-energies obtained from the current version of FeynHiggs (which includes corrections at
O(αtαs) with full phase dependence).
In order to utilise the cross section limits, we use the program HiggsBounds [57, 58]. As
input, it requires the Higgs masses, the normalised production cross sections and the branch-
ing ratios BR(ha → hbhb), BR(ha → bb¯) and BR(ha → τ+τ−) for each parameter point. We
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obtain the Higgs masses as described in Sect. 4 and we calculate the Higgs branching ratios
as described in Sect. 6. We will begin by using LEP Higgsstrahlung production cross sec-
tions which include both the full propagator corrections and additional t, t˜, b, b˜ corrections,
as discussed in Sect. 9.2. Unless otherwise stated, we will investigate the CPX scenario, as
defined in Sect. 3 and, unless explicitly stated, we do not consider the possible impact of
theoretical uncertainties from unknown higher order corrections on the exclusion bounds in
the parameter space.
HiggsBounds uses the provided Higgs sector predictions to determine which process has
the highest statistical sensitivity for setting an exclusion limit for each parameter point,
using the median expected limits based on Monte Carlo simulations with no signal. It then
compares the theoretical cross section for this particular process with the experimentally
observed limit for this process. In this way, only one topological limit is used for each
parameter point, thus ensuring that any resulting exclusion is valid at the 95% CL.
However, it should be noted that, in general, the dedicated analyses carried out in Ref. [2]
for specific MSSM benchmark scenarios have a higher exclusion power than analyses using
HiggsBounds, since, in a dedicated analysis, the information from different search channels
can be combined. This can, in particular, lead to an improved result in regions of parameter
space where several channels have similar statistical sensitivities.
Fig. 21 (left) indicates which channel has the highest sensitivity and therefore which
channel will be used for each point in CPX parameter space, to determine whether or not
it is excluded at the 95 % CL. The channel h1Z → bb¯Z () has the highest statistical
sensitivity at the edge of the CPX parameter space where tanβ is low or Mh1 is high, due to
the fact that the coupling of the lightest Higgs boson to two Z bosons is unsuppressed in this
region, as we saw in Fig. 17. Similarly, in a band adjacent to this, where the coupling of the
second heaviest Higgs boson to two Z bosons is unsuppressed, the Higgstrahlung processes
h2Z → bb¯Z () and h2Z → h1h1Z → bb¯bb¯Z () have the highest statistical sensitivity.
Finally, in the upper left region of the plot, where |geffh1h2Z|2 is high, the pair production
processes h2h1 → bb¯bb¯ () and h2h1 → h1h1h1 → bb¯bb¯bb¯ () have the highest statistical
sensitivity. The part of the parameter space in which the processes directly involving the
h2 → h1h1 decay (h2Z → h1h1Z → bb¯bb¯Z () and h2h1 → h1h1h1 → bb¯bb¯bb¯ ()) dominate
occurs in a region with an increased h2 → h1h1 branching ratio at tan β ∼ 5 − 10, as we
saw in Fig. 16 (left), and which is influenced by the peak in the h2 → h1h1 decay width as
shown in Fig. 10 (left) at tan β ∼ 8. Fig. 21 (right) differs from Fig. 21 (left) in that only the
propagator corrections have been used when calculating the predictions for the LEP Higgs
production cross sections (i.e. we use the normalised squared effective couplings |geffhaZZ|2 and
|geffhahbZ|2 described in Sect. 9.2). We see that the graphs are very similar, with the main
difference being the reduced size of the h1Z → bb¯Z () region at tan β ∼ 5, Mh1 ∼ 25 GeV.
In Fig. 22 (left), we have compared our theoretical cross section predictions for each
parameter point in the CPX scenario with the observed topological cross section limits
obtained at LEP for the channel with the highest statistical sensitivity at that point, in order
to obtain exclusions at 95% CL. The Higgsstrahlung topologies where the Higgs decays to
b-quarks are unable to exclude Higgs masses above Mh1
>∼ 114.4 GeV, as we would expect,
since this is the limit on the mass of a SM-like Higgs boson [1]. The upper edge of the
excluded area in the h2Z → bb¯Z () region has a similar shape to the Mh2 >∼ 114.4 GeV
contour and, at tanβ = 20, occurs at a position ∆Mh2 ∼ 4 GeV relative to it. As before, we
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Figure 21: The coverage of the LEP Higgs searches in the Mh1–tanβ plane of the CPX
scenario, showing the channels that are predicted to have the highest statistical sensitivity
for setting an exclusion limit. The colour codings are: red = h1Z → bb¯Z (), blue =
h2Z → bb¯Z (), white = h2Z → h1h1Z → bb¯bb¯Z (), cyan = h2h1 → bb¯bb¯ (), yellow =
h2h1 → h1h1h1 → bb¯bb¯bb¯ (), green = h3h1 → bb¯bb¯ (), purple = other channels (). Left:
full result (i.e. including the extra corrections to the Higgstrahlung and pair production cross
sections described in Sect. 9.2). Right: using effective coupling approximation for production
cross sections.
call the unexcluded area in the top right region of the plot, ‘unexcluded region A’. It has a
narrow ‘tail’, which extends to lower tanβ, one side of which is bounded by the limit for a
SM-like Mh2 and one side of which is bounded by the edge of the region where the channel
h1Z → bb¯Z () has the highest statistical significance, as shown in Fig. 21 (left). Fig. 22
(right) differs from Fig. 22 (left) in that only the propagator corrections have been used
when calculating the predictions for the LEP Higgs production cross sections. Once again,
we see that the extra t, t˜, b, b˜ corrections only have a very small numerical effect. Therefore,
we will neglect these corrections in the results that we show below.
44
 2
 4
 6
 8
 10
 20
 30
 20  40  60  80  100  120
ta
nβ
Mh1/GeV
exclusions
 2
 4
 6
 8
 10
 20
 30
 20  40  60  80  100  120
ta
nβ
Mh1/GeV
exclusions
Figure 22: The coverage of the LEP Higgs searches in the Mh1–tanβ plane of the CPX
scenario, showing the parameter regions excluded at the 95% C.L. by the topological cross
section limits obtained at LEP. The colour codings are: green (darker grey) = LEP ex-
cluded, white = LEP allowed. Left: full result (i.e. including the extra corrections to the
Higgstrahlung and pair production cross sections described in Sect. 9.2). Right: using effec-
tive coupling approximation for production cross sections.
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The plots in Fig. 22 also show an unexcluded region of type B at Mh1 ∼ 45 GeV and
tanβ ∼ 8. From comparison with Fig. 16 (left), we can see that the entire unexcluded region
B in Fig. 22 lies in an area where the h2 → h1h1 branching ratio is sizable. We examine this
unexcluded region B in more detail in Fig. 23 (top row), where we show an enlarged version
of the relevant part of parameter space from Fig. 21 (right) and Fig. 22 (right). As we can
see, the two thin extensions of the unexcluded region both lie along boundaries between areas
where different processes have the highest statistical significance. As we have discussed, we
would expect our method of combining channels (which only makes use of one observed limit
for each parameter point) to be less effective at such boundaries. Thus, a dedicated analysis
including the combination of different channels might well be able to exclude such areas.
The results presented here update our previous result [22] in two main ways. Most
importantly, we now use a newer version of FeynHiggs [6–10] to obtain the neutral Higgs
self-energies, with an improved treatment of the tanβ enhanced contributions. In addition,
Ref. [22] uses mt = 170.9 GeV. The resulting unexcluded region B has a similar size, shape
and position in both analyses. However, in Ref. [22], the unexcluded region A is almost
non-existent, whereas the updated result shows a sizable unexcluded region of parameter
space here, as we have discussed.
Fig. 23 (top row) also shows that the bulk of the unexcluded region B lies in an area
in which the channel h2Z → bb¯Z () has the highest statistical sensitivity. The extent of
the unexcluded region B on the higher tan β side is very sensitive to the h2 → bb¯ branching
ratio, which, as we discussed in Sect. 8, is critically dependent on the h2 → h1h1 decay in
this region of CPX parameter space, since the h2 → h1h1 decay width yields the dominant
contribution to the total decay width. The extent of the unexcluded region B towards
lower values of Mh1 is roughly determined by the edge of the region in which the channel
h2Z → bb¯Z () has the highest statistical sensitivity. This boundary is also very sensitive
to the h2 → h1h1 decay width, which has a large influence on the theoretical predictions of
the other relevant channels: h2Z → bb¯Z (), h2h1 → bb¯bb¯ (), h2h1 → h1h1h1 → bb¯bb¯bb¯ ()
and h2Z → h1h1Z → bb¯bb¯Z ().
The unexcluded region B occurs within a region where the observed limit for the e+e− →
(ha)Z → (bb¯)Z topology was more than one standard deviation above the expected limit
(based on a background-only hypothesis). It is interesting to investigate the effect of this
‘slight excess’ on the extent of the unexcluded region B. Fig. 24 shows what the exclusion
would have been in the hypothetical situation in which the observed limit was exactly the
same as the expected limit for all topologies. We see that the unexcluded region B disappears
entirely and the size of the unexcluded region A has been reduced. We conclude that the
presence of the ‘slight excess’ in the LEP results for the (ha)Z → (bb¯)Z topology is crucial
to the existence of substantial unexcluded regions in the CPX scenario.
In order to further investigate the effects of our new genuine vertex corrections to the
h2 → h1h1 decay, we now compare the LEP exclusion regions based on the full result with
cases where we have used various approximations to calculate the genuine vertex corrections
to the h2 → h1h1 decay. In Fig. 23 (centre), the genuine vertex corrections are approximated
by the f, f˜ corrections at zero external momenta. Fig. 23 (lower) displays the result when
the leading Yukawa corrections to the triple Higgs vertex, as given by eqs. (76)–(89), are
used.
The boundary between channels related to |geffh2ZZ|2 (i.e. h2Z → h1h1Z → bb¯bb¯Z () and
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Figure 23: The channels with the highest statistical sensitivity (left) and LEP exclusion
regions (right) for the CPX scenario at low values of Mh1 and moderate values of tan β. The
top row shows a subset of the results shown in Fig. 21 and Fig. 22. In the second row, the
genuine vertex corrections to the h2 → h1h1 branching ratio include only the f, f˜ corrections
at zero external momenta and, in the third row, the vertex corrections to the h2 → h1h1
branching ratio have been calculated using the Yukawa approximation. In all three rows,
the genuine vertex corrections to the h2 → h1h1 branching ratio are combined with the
full propagator corrections. Left: red = h1Z → bb¯Z (), blue = h2Z → bb¯Z (), white =
h2Z → h1h1Z → bb¯bb¯Z (), cyan = h2h1 → bb¯bb¯ (), yellow = h2h1 → h1h1h1 → bb¯bb¯bb¯ (),
green = h3h1 → bb¯bb¯ (), purple = other channels (). Right: green (darker grey) = LEP
excluded, white = LEP allowed.
h2Z → bb¯Z ()) and those related to |geffh2h1Z |2 (i.e. h2h1 → bb¯bb¯ () and h2h1 → h1h1h1 →
bb¯bb¯bb¯ ()) for both approximations are in about the same position as in Fig. 23 (upper).
However, the boundaries between channels directly involving the h2 → h1h1 decay and those
that do not involve this decay have shifted. In particular, the region where the channel
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Figure 24: The LEP exclusion regions for the hypothetical case in which all of the observed
cross section values were measured to be the same as the ones expected in a background-
only simulation. The colour codings are: green (darker grey) = LEP excluded, white = LEP
allowed.
h2Z → h1h1Z → bb¯bb¯Z () has the highest statistical sensitivity disappears entirely if the
‘leading Yukawa’ approximation is used. This has a considerable impact on the shape of the
unexcluded region B. The f, f˜ at p2 = 0 approximation, on the other hand, performs very
well, yielding an unexcluded region B which, in position and shape, agrees very well with
the full result.
It is interesting to consider the effect of the experimental uncertainty on the mass of the
top quark. Since the leading corrections to the h2 → h1h1 vertex are Yukawa corrections
proportional tom4t , one would expect the unexcluded region B to exhibit a strong dependence
onmt. The neutral Higgs masses are also very sensitive tomt, since these Yukawa corrections
are also the leading corrections to the Higgs self-energies. We use the experimental value
mt = 173.1±1.3 GeV [64]. Fig. 25 shows the result of running scans formt = 173.1+1.3 GeV
and mt = 173.1−1.3 GeV over the area of CPX parameter space containing the unexcluded
region B. Parameter points which are excluded at both top masses are shown as dark green
(darker grey), those excluded at one of the masses only are in light green (lighter grey) and
those which remain unexcluded at both masses are in white. Therefore, the light green area
(lighter grey area) demonstrates the uncertainty on the size and shape of the unexcluded
region B due to the uncertainty from the measurement of the top mass. The unexcluded
area for mt = 173.1 + 1.3 GeV is approximately double the size of the unexcluded area for
mt = 173.1− 1.3 GeV.
It is also possible to use a similar strategy to investigate the dependence of the size of
the unexcluded region B on the choice of mt at the higher loop orders in the calculation.
In Fig. 26, we use (a) mOSt in the 2-loop corrections in Higgs self energies and m
OS
t in the
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Figure 25: The LEP exclusions for the CPX scenario plotted in the Mh1 − tan β plane.
Results for mt = 173.1 + 1.3 GeV and mt = 173.1 − 1.3 GeV. White: point is unexcluded
in both, light green (lighter grey): point is excluded in only one, dark green (darker grey):
point is excluded in both.
1-loop genuine hahbhc vertex corrections, and (b) m
MS,SM
t in the 2-loop corrections in Higgs
self energies (as discussed in Sect. 5.4) and mMS,SMt in the 1-loop genuine hahbhc vertex
corrections (as previously). Points in parameter space which are excluded for the results of
both calculation (a) and (b) are shown in dark green (darker grey), points excluded for the
results of one calculation only are shown in light green (lighter grey), and points in white can
be excluded for the results of neither calculation. In this way, we can get a rough estimate of
the dependence of unexcluded region B on higher order corrections in the t, t˜ sector – whilst
these corrections are significant, the existence of an unexcluded region in this part of CPX
parameter space is confirmed in both. Note that the region in which the results of one of
the two calculations yield an unexcluded region forks into two narrow regions at its base,
rather than one, reflecting the different positioning of the boundaries between regions where
different processes have the highest statistical sensitivity in the two analyses contributing to
this exclusion plot.
The variation of φAt has an interesting impact on the unexcluded regions. Recall that,
in Fig. 10 (left), we saw that there was a peak in the h2 → h1h1 decay width at moderate
tanβ, and a minimum at lower tan β. Varying φAt by 10% has a dramatic effect on the decay
width, through changing the magnitude and position of this peak and changing its position
with respect to tanβ. In Fig. 27, which uses φAt = 0.9 × π/2 and φAt = 1.1 × π/2, we can
see these effects reflected in the h2 → h1h1 branching ratio. In particular, we see that the
thin horizontal minimum in BR(h2 → h1h1) shifts to higher tanβ as φAt increases. We can
also see a change in the shape of the region in which the h2 → h1h1 decay is kinematically
allowed and a slight change in the lower edge of CPX parameter space as plotted in the
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Figure 26: The LEP exclusions for the CPX scenario plotted in theMh1−tan β plane. Results
for (a) mOSt in the 2-loop corrections in Higgs self energies and m
OS
t in the 1-loop genuine
hahbhc vertex corrections, and (b) m
MS,SM
t in the 2-loop corrections in Higgs self energies
and mMS,SMt in the 1-loop genuine hahbhc vertex corrections. White: point is unexcluded
in both, light green (lighter grey): point is excluded in only one, dark green (darker grey):
point is excluded in both.
Mh1 − tan β plane.
As one would expect, this strong dependence of the h2 → h1h1 branching ratio on φAt is
reflected in a change in the balance of the processes with the highest statistical sensitivity at
each point in parameter space as φAt increases. In particular, the size of the region in which
either h2Z → h1h1Z → bb¯bb¯Z () or h2h1 → h1h1h1 → bb¯bb¯bb¯ () has the highest sensitivity
decreases. The boundary between processes involving |geffh2ZZ|2 and those involving |geffh2h1Z|2
also shifts to higher tan β. As a result, the unexcluded region B occurs at higher tan β as
φAt increases and its shape changes significantly. The unexcluded region A increases in size
as φAt increases.
Fig. 28 illustrates that varying |At| by 10% has a very substantial effect on the LEP
exclusions in the CPX parameter space. Increasing |At| has a large effect on the h2 → h1h1
decay width. It increases the size of the peak at moderate tanβ in Fig. 10 (left) and shifts
the position of the minimum and the peak shown in Fig. 10 (left) to higher values of tan β.
Increasing |At| also make the slope of this graph less steep above tan β ∼ 7. We see these
effects reflected in the h2 → h1h1 branching ratio in Fig. 28. We also see that a higher value
of |At| yields a significant increase in the area of parameter space in which the h2 → h1h1
decay is kinematically allowed.
For the case in which |At| = 1.1 × 900 GeV, the plot illustrating the channels with
the highest statistical sensitivity in Fig. 28 is very different from those discussed so far.
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Figure 27: The h2 → h1h1 branching ratio, LEP exclusions and channels with the highest
statistical sensitivity plotted in the Mh1 − tan β plane. Upper graphs show φAt = 0.9× π/2,
lower graphs show φAt = 1.1 × π/2, other parameters taken from CPX scenario. See the
captions of Fig. 21 and Fig. 22 for the colour codes of the plots in the second and third
columns.
This is partly because |geffh1h2Z |2 is reduced, which drastically reduces the area where h2h1 →
bb¯bb¯ () has the highest statistical sensitivity. The area where the channel h2h1 → h1h1h1 →
bb¯bb¯bb¯ () has the highest statistical sensitivity occurs at higher tan β than previously and is
now unexcluded. Also, the suppression of |geffh1h2Z |2 means that the channel h3h1 → bb¯bb¯ ()
has the highest statistical sensitivity over a large region, which can only be partially excluded
by this LEP limit. Therefore, the excluded LEP regions are dramatically different for the
CPX scenario with |At| = 1.1×900 GeV. It is worth noting, however, that this value of |At|
is close to an unstable region of parameter space, in which loop corrections in Higgs sector
get extremely large. On the other hand, at |At| = 0.9 × 900 GeV, the unexcluded region B
has almost disappeared and the unexcluded region A has reduced in size as it is partially
covered by two vertical excluded regions, at Mh1 ∼ 80 GeV and Mh1 ∼ 110 GeV.
The gluino mass parameterM3 does not feature in the 1-loop corrections to the h2 → h1h1
decay or the 1-loop corrections to the Higgs masses. However, as we have seen, it can heavily
influence the ha → bb¯ decay width. In addition, the Higgs self-energies from FeynHiggs
depend on M3 through the O(αtαs) corrections and the ∆mb corrections. Therefore, it is
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Figure 28: The h2 → h1h1 branching ratio, LEP exclusions and channels with the highest
statistical sensitivity plotted in the Mh1 − tanβ plane. Upper graphs show |At| = 0.9 ×
900 GeV, lower graphs show |At| = 1.1 × 900 GeV, other parameters taken from CPX
scenario. See the captions of Fig. 21 and Fig. 22 for the colour codes of the plots in the
second and third columns.
interesting to see if varying this parameter has a significant effect on the LEP exclusions.
In Fig. 29, we show results for φM3 = π/4 and φM3 = 3π/4. At φM3 = π/4, the area of the
unexcluded regions A and B increases slightly compared to the CPX setting of φM3 = π/2. In
contrast, at φM3 = 3π/4, the size of the unexcluded area B decreases and the unexcluded area
A almost disappears. Note that the parameter space is not populated aboveMh1 ∼ 100 GeV
at tan β = 30.
Fig. 30 illustrates the results for |M3| = 100 GeV and |M3| = 2000 GeV. Both unex-
cluded regions are reduced in both cases. Note that, for |M3| = 100 GeV, the excluded
region A is bounded from above.
It is also interesting to consider the effect of varying the Higgsino mass parameter µ. The
branching ratios shown in Fig. 31 are qualitatively very similar to those in Fig. 28. As µ
increases, |geffh2ZZ|2 is enhanced at the expense of |geffh2h1Z |2, and this determines the relative
sizes of the regions involving these couplings. The plot with µ = 1.1× 2000 GeV in Fig. 31
has a large region in which the channel h2Z → h1h1Z → bb¯bb¯Z () has the highest statistical
sensitivity. The unexcluded regions have increased in size substantially as µ increases and
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Figure 29: The h2 → h1h1 branching ratio, LEP exclusions and channels with the highest
statistical sensitivity plotted in the Mh1− tan β plane. Upper graphs show φM3 = π/4, lower
graphs show φM3 = 3π/4, other parameters taken from CPX scenario. See the captions of
Fig. 21 and Fig. 22 for the colour codes of the plots in the second and third columns.
they have joined up.
Similarly, the effect of decreasing the soft-breaking term MSUSY by 10%, as shown in
Fig. 32, can be explained by an enhancement of |geffh2ZZ|2 at the expense of |geffh2h1Z |2 and a
suppression of BR(h2 → bb¯) as MSUSY decreases. This results in a very large unexcluded
region, covering the majority of the parameter space above tan β ∼ 9. In contrast, increasing
the value of MSUSY to MSUSY = 1.1 × 500 GeV greatly reduces the amount of unexcluded
parameter space. In addition, note that the parameter space is populated at lower values of
tanβ at this value of MSUSY.
10.3 Comparison with CPsuperH
As we discussed in Sect. 5, when comparing our calculation with the results from CPsuperH,
we need to make sure that we account for the difference between the definitions of the input
parameters.
When comparing LEP exclusion plots, we shall investigate both the CPX and CPX
scenarios, as defined in Sect. 3 (recall that, in the CPX scenario, the input parameters At,
53
 Colour: Br(h2→h1+h1)
 20  40  60  80  100  120
Mh1/GeV
 2
 4
 6
 8
 10
 20
 30
ta
nβ
 0
 0.2
 0.4
 0.6
 0.8
 1
 2
 4
 6
 8
 10
 20
 30
 20  40  60  80  100  120
Mh1/GeV
exclusions
 2
 4
 6
 8
 10
 20
 30
 20  40  60  80  100  120
Mh1/GeV
process with highest stat. sens.
 Colour: Br(h2→h1+h1)
 20  40  60  80  100  120
Mh1/GeV
 2
 4
 6
 8
 10
 20
 30
ta
nβ
 0
 0.2
 0.4
 0.6
 0.8
 1
 2
 4
 6
 8
 10
 20
 30
 20  40  60  80  100  120
Mh1/GeV
exclusions
 2
 4
 6
 8
 10
 20
 30
 20  40  60  80  100  120
Mh1/GeV
process with highest stat. sens.
Figure 30: The h2 → h1h1 branching ratio, LEP exclusions and channels with the highest
statistical sensitivity plotted in the Mh1− tan β plane. Upper graphs show |M3| = 100 GeV,
lower graphs show |M3| = 2000 GeV, other parameters taken from CPX scenario. See the
captions of Fig. 21 and Fig. 22 for the colour codes of the plots in the second and third
columns.
M2L and M
2
t˜R
are defined in the DR scheme, while in the CPX scenario, they are defined
in the on-shell scheme). The CPX scenario is used most frequently in the literature as
an example of an interesting CP-violating MSSM scenario and closely resembles the CP-
violating scenario used by the LEP Higgs Working Group [2]. The CPX scenario is a more
natural scenario in which to perform a Feynman-diagrammatic calculation and therefore has
been used throughout the majority of this paper, up to this section.
However, we shall begin the discussion by an investigation of two scenarios with less
extreme parameter values than the CPX and CPX scenarios, i.e. where the higher-order
effects are expected to be smaller. We will use the (CP-conserving) mmaxh scenario, where
we interpret the stop sector parameters At, ML and Mt˜R as DR parameters (tanβ = 10,
MH± = M
DR
L (MS) = M
DR
t˜R
(MS) = 1000 GeV, µ
DR(MS) = 200 GeV, M3 = 800 GeV). We
also consider an ‘mmaxh -like’ scenario with CP violation (as for m
max
h , but φ
DR
At
= φDRM3 = π/2).
Since we have defined At,M
2
L,M
2
t˜R
and µ in the DR renormalisation scheme atMS , we must
make use of the parameter conversions described in Sect. 5, in order to obtain Aon−shellt ,
Mon−shellL , M
on−shell
t˜R
and µDR(mt), which are the input parameters that need to be given to
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Figure 31: The h2 → h1h1 branching ratio, LEP exclusions and channels with the highest
statistical sensitivity plotted in the Mh1 − tanβ plane. Upper graphs show µ = 0.9 ×
2000 GeV, lower graphs show µ = 1.1 × 2000 GeV, other parameters taken from CPX
scenario. See the captions of Fig. 21 and Fig. 22 for the colour codes of the plots in the
second and third columns.
FeynHiggs.
In Fig. 33 (a), we display the result from CPsuperH (blue dashed) and the result from
FeynHiggs using O(αs) and O(αt) contributions to the parameter shifts (black solid) (as
discussed in Sect. 5) in the mmaxh scenario. We can see that the maximum value of Mh1
agrees to within 0.1 GeV between the two codes, although the maximum occurs at a value
of ADRt which is ∼ 200 GeV higher for the FeynHiggs result than the CPsuperH result. Note
also that there is a somewhat larger discrepancy between the two codes at small values of
ADRt , where CPsuperH predicts a mass ∼ 3 GeV higher than FeynHiggs. Since FeynHiggs
contains the full O(αtαs), O(α2t ) and the complete 1-loop corrections to the neutral Higgs
self-energies in the MSSM with real parameters, while CPsuperH only contains the leading
logarithmic contributions, we should not expect our O(αs) and O(αt) parameter shifts to
convert perfectly between the two calculations.
Also shown in Fig. 33 (a) is the result where the FeynHiggs calculation is parametrised
in terms of the MS top mass (magenta dotted), as discussed in Sect. 5.4, instead of the
on-shell top mass (black solid). This changes the Higgs mass by less than 2 GeV (for ADRt <
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Figure 32: The h2 → h1h1 branching ratio, LEP exclusions and channels with the highest
statistical sensitivity plotted in the Mh1 − tanβ plane. Upper graphs show MSUSY = 0.9 ×
500 GeV, lower graphs show MSUSY = 1.1 × 500 GeV, other parameters taken from CPX
scenario. See the captions of Fig. 21 and Fig. 22 for the colour codes of the plots in the
second and third columns.
3600 GeV), which is appropriately small since this is formally a higher order effect.
Another contribution to the remaining discrepancy between the results for the Higgs
mass predictions in the two codes is the difference in the way that the electric charge is
parameterised at lowest order in the two codes. We investigate the magnitude of this effect
in the following way. The input to CPsuperH is supposed to be α(MZ) (blue dashed), but we
can investigate the effect of changing it to α → GF2
√
2M2W s
2
W/(4π) (green dotted), which
should only affect the calculation at the level of the unknown higher order contributions. In
Fig. 33 (b), we can see that this changes the lightest Higgs mass by less than 1.3 GeV for
ADRt < 3600 GeV.
A meaningful comparison between the two Higgs mass calculations can also be carried
out in the mmaxh scenario by neglecting the parameter shifts in ML and Mt˜R and using the
values of XOSt and X
DR
t , which maximise the lightest Higgs masses from FeynHiggs and
CPsuperH, respectively (corresponding to independently defining a mmaxh scenario in the on-
shell scheme and a mmaxh scenario in the DR scheme). Using the leading 1-loop and 2-loop
corrections, it is possible to predict that this will occur at approximately XOSt = 2000 GeV
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Figure 33: Lightest neutral Higgs mass as a function of ADRt in the m
max
h scenario, with
tanβ = 10, MH± = 1000 GeV. All FeynHiggs results shown here use the full Higgs self-
energies, and the DR to on-shell parameter conversion involves terms at both O(αs) and
O(αt), and the calculation is parametrised in terms of mOSt unless otherwise stated.
(a) blue dashed: CPsuperH, black solid: FeynHiggs, magenta dotted: FeynHiggs with code
edited such that calculation is parametrised in terms of mt.
(b) blue dashed: CPsuperH, green dotted: CPsuperH but with the result parametrised in
terms of the Fermi constant instead of α(MZ), black solid: FeynHiggs.
(c) blue dashed: CPsuperH as a function of ADRt as before, red dotted: FeynHiggs as a
function of AOSt .
andXDRt =
√
6×1000 GeV, see Ref. [77]. In Fig. 33 (c), we plot the CPsuperH result forMh1
against ADRt (blue dashed, as before), together with the FeynHiggs result forMh1 against A
OS
t
(red dotted). The maxima in Mh1 occur at the points (X
OS
t ,Mh1) = (1990 GeV, 129.3 GeV)
and (XDRt ,Mh1) = (2350 GeV, 129.2 GeV), i.e. this definition of the m
max
h scenario does
indeed give remarkable agreement between the two codes for the value of Mh1 . The two
vertical lines show XOSt = 2000 GeV and X
DR
t =
√
6 × 1000 GeV (we can see that using
these approximate values of XOSt and X
DR
t predicts lightest Higgs masses which are within
0.1 GeV of the true values at the maxima).
It is interesting to compare the corresponding shift in At i.e. ∆˜At = ∆˜Xt = X
DR
t −XOSt =
2350−1990 = 360 GeV, with the shift ∆At which we obtain from performing the parameter
conversion. At XDRt =
√
6 × 1000 GeV, ∆At = 510 GeV when just O(αs) corrections are
included in the parameter conversion and ∆At = 600 GeV when both O(αs) and O(αt)
corrections are included. Comparison with the analysis in Ref. [77], which was performed
for the leading 1-loop and 2-loop contributions, shows a similar behaviour if only the O(αs)
correction to the parameter conversion is taken into account. Incorporating also the O(αt)
correction turns out to give rise to a slightly larger discrepancy between the shifts ∆˜At and
∆At. The numerical effect on the lightest Higgs mass, however, is small over this range of
At.
As discussed in Sect. 4, the only 2-loop pieces contained within FeynHiggs which have
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Figure 34: Lightest neutral Higgs mass as a function of ADRt in the m
max
h scenario (left) and a
CP-violating mmaxh -like scenario (right), where φADRt
= φM3 = π/2. In both plots, tanβ = 10
and MH± = 1000 GeV. All FeynHiggs results use Higgs self-energies up to O(αtαs) only
(with the exception of the orange (thin solid) line) and the calculation is parametrised in
terms of mOSt . Blue dashed: CPsuperH as in Fig. 33, red dotted: FeynHiggs result without
parameter shifts for the input parameters i.e. ∆p = 0, green solid (thick): FeynHiggs with ∆p
at O(αs), purple dot-dashed: FeynHiggs result with ∆p involving contributions at O(αs) and
O(αt), orange solid (thin): as for purple, except subleading 2-loop corrections are included
in the Higgs self-energies, calculated at all possible combinations of φXt = 0, π, φXb = 0, π
and φM3 = 0, π. Therefore, there are eight orange lines in total, but they lie too close to
each other to be distinguishable by eye.
been calculated with explicit phase dependence are of O(αtαs). Before we start to discuss
the CP-violating MSSM, it is instructive to compare the results from CPsuperH with the
results given by FeynHiggs when the only 2-loop pieces which are included are O(αtαs).
This is shown in Fig. 34 (left). Also shown are the FeynHiggs results when the parameter
shifts are neglected (red dotted), in order to give an idea of the size of the parameter shifts.
We have a choice for the parameter shifts: we can either use the shifts at both O(αs)
and O(αt) (purple dot-dashed) as before, or restrict to O(αs) pieces (green solid (thick)).
Theoretically, restricting to O(αs) pieces (green solid (thick)) is preferable, since neither
Higgs mass calculation now involves the full set of O(α2t ) corrections. It can be seen that
this choice makes very little difference in this scenario. We can see that, when we restrict
to 2-loop pieces at O(αtαs) in FeynHiggs, the resulting Higgs mass at the peak in the plot
is approximately 7 GeV lighter than when all available corrections in FeynHiggs are used
(and therefore also significantly lighter than the mass given by CPsuperH at the peak). In
Fig. 34 (right), we introduce CP violation: this figure has the same parameters as Fig. 34
(left) (tan β = 10, MH± = M
DR
L (MS) = M
DR
t˜R
(MS) = 1000 GeV, µ
DR(MS) = 200 GeV,
|M3| = 800 GeV), except that At, Ab and M3 are now complex: φADRt = φAb = φM3 = π/2.
Note that both the O(αs) and O(αt) parameter shifts include the full phase dependence, as
described in Sect. 5. We can see that, in this scenario, the introduction of complex phases
does not significantly affect the lightest Higgs mass. Therefore, we can deduce that the
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dominant source of the discrepancy between the masses in this CP-violating example are the
neglected 2-loop corrections. It is instructive to consider whether the calculation of these 2-
loop corrections to the neutral Higgs self-energies for the MSSM with real parameters can be
used to give an estimate of these corrections in the complex MSSM. It is possible to evaluate
these additional corrections at a phase of 0 and π for each complex parameter and then
perform an interpolation between these results (this is an optional feature in FeynHiggs).
In Fig. 34 (right), we show predictions for the lightest Higgs mass (orange solid (thin)) in
the CPX scenario when the neutral Higgs self-energies are calculated up to O(αtαs) with
full phase dependence (as previously) and the subleading 2-loop corrections are calculated
at combinations of φXt = 0, π, φXb = 0, π and φM3 = 0, π. These eight combinations give
very similar results, and their curves can not be distinguished in the plot, and, obviously,
an interpolation between these results would also lie on this same line. It is, however,
difficult to evaluate the accuracy of this Higgs mass prediction. On the one hand, it provides
better agreement with the CPsuperH result, and the fact that the eight CP-conserving limits
give very similar results could be interpreted as an indication that a fully phase-dependent
calculation of these corrections may have only a mild dependence on the phase. However, a
confirmation of this interpretation would require the actual result of a fully phase-dependent
calculation. In an ‘extreme’ scenario like the CPX scenario, which is close to unstable regions
of parameter space, the evaluation of the combinations of real parameters needed as input
for the interpolation can be problematic. In particular, higher-order contributions in the
CP-conserving limit φXt = 0 turn out to be unphysically large in the CPX scenario and
cause the mass calculation to fail (to obtain a real and positive mass value, the limit φAt = 0
must be used instead). Since we will now turn our attention to such ‘extreme’ examples,
exhibiting very large higher order corrections, we shall restrict in these cases the Higgs self-
energies calculation in the complex MSSM to O(αtαs), as we have done throughout the rest
of the paper.
We shall first consider a CP-conserving version of the CPX scenario i.e. the CPX sce-
nario with all phases set to zero (and µDR(MS) = 2000 GeV), as this will exhibit the main
characteristics of the CPX scenario (and, since we have more available corrections in the
MSSM with real parameters than the MSSM with complex parameters, it will be easier for
us to investigate). In Fig. 35, we compare the CPsuperH result (blue dashed) to the full
FeynHiggs result with ∆p at O(αs) and O(αt) (black solid (thin)), the FeynHiggs result with
Higgs self-energies only up to O(αtαs) and ∆p at O(αs) and O(αt) (purple dot-dashed), the
FeynHiggs result with Higgs self-energies up to O(αtαs) and ∆p only at O(αs) (green solid
(thick)). Note that, when the O(αt) contributions to ∆p are included, this incorporates
the conversion of µDR(MS) to µ
DR(mt), using eq. (58). Also illustrated is the FeynHiggs
result when the parameter shifts are neglected (red dotted), in order to demonstrate the
numerical effect of the parameter shifts. In each plot in Fig. 35, we can see that the effect
of the parameter shifts at O(αt) on the mass calculation becomes very large once the nom-
inal values of this CP-conserving CPX-like scenario are approached (MDRSUSY = 500 GeV,
µDR = 2000 GeV, ADRt = 1000 GeV, MH± = 140 GeV). Indeed, for the nominal values of
this scenario, the lightest on-shell stop mass is driven to imaginary values when both the
O(αs) and O(αt) parameter shifts are used (purple dot-dashed and black solid (thin)). These
unphysically large effects are an indication that this scenario is close to an unstable region,
which causes instabilities in the parameter conversion (this could imply that it would be
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Figure 35: Lightest neutral Higgs mass in a CP-conserving version of the CPX scenario at tanβ = 10,MH± = 140 GeV, as
function of (left to right) MDRSUSY (MS), µ
DR(MS), |ADRt (MS)| and MH± . Blue dashed: CPsuperH result, red dotted: FeynHiggs
with Higgs self-energies up to O(αtαs), with ∆p = 0, green solid (thick): FeynHiggs with Higgs self-energies up to O(αtαs)
corrections, with ∆p at O(αs), purple dot-dashed: FeynHiggs with Higgs self-energies up to O(αtαs) corrections, with ∆p at
O(αs) and O(αt), black solid (thin): FeynHiggs with full Higgs self-energies, with ∆p at O(αs) and O(αt).
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Figure 36: Lightest neutral Higgs mass in the CPX scenario at tan β = 10,MH± = 140 GeV, as function of (left to right)
MDRSUSY (MS), µ, |ADRt (MS)| and MH± . (See Fig. 35 for the definitions of the abbreviations labelling the different curves.)
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appropriate to explicitly decouple the heavier particles in the conversion to the DR scheme).
In order to avoid these instabilities, we will, in the following, restrict the parameter conver-
sion to O(αs). Application of this parameter conversion, in conjunction with 2-loop mass
corrections at O(αtαs) (green solid (thick)), yields a relatively good agreement between the
FeynHiggs and CPsuperH results.
We observe the same quantitative behaviour when we switch on the CP-violating phases
in this scenario (Fig. 36), and therefore we can use the knowledge gained from the CP-
conserving version to help interpret these characteristics. Once again, we find that the
parameter conversions at O(αs) and O(αt) result in unphysically large corrections to the
lightest Higgs mass and therefore restrict the parameter conversion to O(αs) (green solid),
which compares relatively well to the CPsuperH result (blue dashed).
We will now carry out a complementary analysis in the CPX scenario, which is defined
in terms of on-shell stop sector parameters. Therefore, the parameter shifts are now used
to convert from on-shell to DR parameters, which can then be given as input to CPsuperH.
Results for the lightest Higgs mass are shown in Fig. 37 for CPsuperH with no parameter
conversion (blue dashed) and CPsuperH with parameter conversion at O(αs) (green dot-
dashed). Also shown is the FeynHiggs result where the masses are calculated at O(αtαs) (red
dotted). Once again, we can see that this scenario lies near the border of stable parameter
space, which is necessary if we would like to investigate very low lightest Higgs masses. We
find that, when the parameter conversion is performed in the on-shell to DR direction, the
effect of the parameter shifts tends to push the results into more stable regions of parameter
space (rather than into more unstable regions, as it happens in the case of the CPX scenario).
However, we have confirmed that this parameter conversion still gives rise to large stop mass
corrections at O(αt).
Before starting a comparison of the LEP exclusions in CPX or CPX parameter space, it is
useful to describe the method that was used by the LEP Higgs Working Group to tackle this
issue of consistently comparing results calculated in using different renormalisation schemes.
The LHWG analysis was carried out in the CPX scenario and both FeynHiggs version 2.0 [10]
and CPH [5] (a predecessor of the program CPsuperH [11,12]) were considered. The relation
X˜CPHt = X˜t +
αs
3π
MSUSY
[
8 +
4X˜t
MSUSY
− πX˜
FH
t
MSUSY
log
(
mOS,2t
M2SUSY
)]
(126)
was used [132] to convert between different definitions for |At|, with αs = 0.108 and X˜t =
|At| − µ/ tanβ. 8 The shifts in φAt and MSUSY(= ML = Mt˜R) were neglected, and Ab was
set to be the same as At.
Near the region Mh1 ∼ 45 GeV, tan β ∼ 7, this approximation gives a larger shift in
|At| than would be given from the full O(αs) shifts, and therefore increases the agreement
between the two Higgs mass codes. The LHWG then carried out two parallel analyses,
one using Higgs sector predictions from CPH and one using Higgs sector predictions from
FeynHiggs (apart from the triple Higgs coupling, as discussed in Sect. 10). Since they found
8This is analogous to the expression for on-shell to MS conversion in the MSSM with real parameters
given by [77]: XMSt = X
OS
t +
αs
3pi
MS
[
8 + 4Xt
MS
− X2t
M2
S
− 3Xt
MS
log
(
m2t
M2
S
)]
, where MS =
√
M2
SUSY
+m2t , which
was obtained for mg˜ = MSUSY, µren =MS and the assumptions mt/MS ≪ 1 and mtXt/M2S ≪ 1.
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Figure 37: Lightest neutral Higgs mass in the CPX scenario at tan β = 10,MH± = 140 GeV, as function of (left to right)M
OS
SUSY ,
µ, |AOSt | and MH±. Red dotted: FeynHiggs with Higgs self-energies up to O(αtαs) corrections, blue dashed: CPsuperH with
∆p = 0, green dot-dashed: CPsuperH with ∆p at O(αs),
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Figure 38: The h2 → h1h1 branching ratio, LEP exclusions and channels with the highest
statistical sensitivity for the CPX scenario, plotted in the Mh1 − tan β plane. Top row:
Using the calculations presented in this paper, parameter conversions at O(αs) as described
by eqs. (48)–(53), and neutral Higgs self-energies from FeynHiggs up to O(αtαs). Bottom
row: Using Higgs masses, couplings and branching ratios calculated by CPsuperH [11, 12].
See the captions of Fig. 21 and Fig. 22 for the colour codes of the plots in the second and
third columns.
significant differences between the two results, they considered a point in CPX parameter
space to be excluded only if it could be excluded in both the analysis based on the CPH
results and the analysis based on the FeynHiggs results.
In Fig. 38 (top row), we use the topological cross section limits from LEP in conjunction
with updated results for the Higgs masses, couplings and branching ratios, in the CPX
scenario using the parameter conversions at O(αs). In particular, we use our complete 1-
loop diagrammatic calculation for the hi → hjhk decay processes with full phase dependence
as described in Sect. 6 and we use renormalised neutral Higgs self-energies obtained from
FeynHiggs (which includes corrections at O(αtαs) with full phase dependence). We compare
this to the results using the Higgs masses, couplings and branching ratios from the program
CPsuperH, shown in Fig. 38 (bottom row). The CPsuperH prediction for the h2 → h1h1
branching ratio is qualitatively similar to our result, although the thin ‘knife-edge’ region is
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Figure 39: The h2 → h1h1 branching ratio, LEP exclusions and channels with the highest
statistical sensitivity for the CPX scenario, plotted in theMh1−tan β plane. Top row: Using
the calculations presented in this paper and neutral Higgs self-energies from FeynHiggs up
to O(αtαs). Bottom row: Using Higgs masses, couplings and branching ratios calculated by
CPsuperH [11, 12] and parameter conversions at O(αs) as described by eqs. (48)–(53). See
the captions of Fig. 21 and Fig. 22 for the colour codes of the plots in the second and third
columns.
at tanβ ∼ 3 rather than tan β ∼ 4.5 and the peak at moderate tan β is higher but narrower,
in particular, around Mh1 ∼ 45 GeV. Also, different processes have the highest statistical
sensitivity at different parts of the parameter space (Fig. 38 right column). Most significantly,
the area where the process h2Z → bb¯Z () has the highest statistical sensitivity is larger
when using the Higgs sector predictions outlined in this paper, rather than the predictions
given by CPsuperH. As a result, the unexcluded part of parameter space is much larger
for Mh1 < 60 GeV when using our calculation and the unexcluded regions join together.
However, for Mh1 > 60 GeV, the unexcluded area is larger when the CPsuperH results are
used.
Finally, in Fig. 39, we compare the results from CPsuperH and our calculation (as shown
previously in Fig. 16 (left), Fig. 21 (right) and Fig. 22 (right)) for the Higgs cascade decay
width and LEP exclusions in the CPX scenario (defined in terms of on-shell stop sector pa-
rameters). Again, the CPsuperH prediction for the h2 → h1h1 branching ratio is qualitatively
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similar to our result, although, once again, the thin ‘knife-edge’ region is at lower tan β and
the maximum at moderate tanβ is higher. As we saw in Fig. 38, the CPsuperH result has a
large region where h1Z → bb¯Z () has the highest statistical sensitivity at medium-to-high
tanβ and Mh1, which is not seen in our result. Once again, the area where processes involv-
ing h1h2 pair-production ( and ) have the highest statistical sensitivity is larger in the
CPsuperH result than in ours. As a result, the region where h2Z → bb¯Z () has the highest
statistical sensitivity does not significantly overlap with the region with large h2 → h1h1
branching ratio, and therefore the region Mh1 < 65 GeV is almost entirely excluded. How-
ever, once again, the CPsuperH result has a larger unexcluded region at medium-to-high
tanβ and Mh1 .
In summary, we have compared the results presented in this paper with those given
by the program CPsuperH. Since these results are very sensitive to the Higgs masses, we
started with a comparison between the masses given by FeynHiggs and CPsuperH (including
appropriate parameter transformations, which we have extended to the complex MSSM)
in the mmaxh scenario, in a m
max
h -like scenario with added CP violation, the CPX scenario
(in which the stop sector parameters have DR definitions), the CPX scenario with vanishing
phases, and the CPX scenario (in which the stop sector parameters have on-shell definitions).
We find good agreement between the mass calculations in the mmaxh and m
max
h -like scenarios
once the appropriate parameter shifts are taken into account. The CPX scenario has been
used by the LEP Higgs Working Group in their analysis and is the most frequently used
CP-violating scenario in the literature. We find that the O(αt) corrections in the parameter
transformations for the stop masses are very large in this scenario and drive the t˜1 mass to
unphysical values. We interpret this as an indication that this scenario is close to an unstable
region of parameter space (i.e. a region with relatively large higher-order corrections), where
we must be careful to avoid unphysically large corrections in the parameter shifts (which
may require to explicitly decouple heavy particles in the conversion). When restricting to the
O(αs) parameter conversions, we find rough agreement between the mass predictions, and we
observed similar behaviour when we considered the CPX scenario with appropriate parameter
conversions at O(αs). The variation in the Higgs sector predictions given by our calculation
(using neutral Higgs self-energies from FeynHiggs) and CPsuperH are reflected in significant
differences in the size and shape of the regions of parameter space that could not be excluded
by the LEP results. When the topological cross section limits from LEP are confronted with
the predictions of our calculation, significantly less parameter space can be excluded at low
Mh1 . However, there is qualitative agreement about the existence of an unexcluded region
at Mh1 ∼ 45 GeV. Using either our calculation or the CPsuperH calculation results in
large unexcluded regions at medium-to-high tan β and Mh1 . In general, more of the CPX
parameter space can be excluded by LEP, as compared to the CPX parameter space. Once
again, both calculations are consistent with an unexcluded region at Mh1 ∼ 45 GeV in the
CPX scenario, although, when CPsuperH Higgs sector predictions are used, this region is very
small, and might be covered by a dedicated analysis of this scenario which could make use of
a combination of different LEP Higgs search channels (as discussed in Sect. 10.2). However,
both calculations once again yield large unexcluded regions of parameter space at medium-
to-high tan β and Mh1. Since the shape, size and position of the unexcluded regions vary
significantly depending on which method was used to calculate the Higgs sector predictions,
we adopt the LEP Higgs Working Group philosophy and only consider a point in parameter
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Figure 40: Combining results for the LEP exclusions in the CPX (left, using Fig. 38) and
CPX (right, using Fig. 39) parameter space. Green (darker grey): point in parameter space
can be excluded using the topological LEP limits and the Higgs sector predictions from both
our calculation (which uses neutral Higgs self-energies from FeynHiggs) and the calculation
implemented into CPsuperH, white: is excluded by only one or by neither of the calculations.
space excluded if it can be excluded using both methods independently. We therefore show
these ‘combined’ exclusion plots in Fig. 40 for the CPX and CPX scenarios. We conclude
that there is still a sizeable area of parameter space in these scenarios below the kinematical
limit at LEP which the LEP Higgs topological cross section limits are unable to exclude (in
agreement with the LEP Higgs Working Group analysis) and therefore these scenarios with
a very light neutral MSSM Higgs boson remain phenomenologically very interesting.
11 Conclusions
In this paper we have presented theoretical predictions concerning the Higgs sector in the
MSSM with complex parameters, which are especially relevant when considering MSSM
scenarios that are particularly challenging for the past and present Higgs searches at LEP,
the Tevatron and the LHC.
We have calculated the full 1-loop vertex corrections within the Feynman-diagrammatic
approach for the process ha → hbhc, taking into account the dependence on all complex
phases of the supersymmetric parameters and the full momentum dependence. We have
included the full propagator corrections, using neutral Higgs self-energies as provided by
FeynHiggs [6–10], and we have consistently included 1-loop mixing with the Z boson and
the unphysical Goldstone-boson degree of freedom. Our results are currently the most precise
predictions for the ha → hbhc decay width. These results will be included in the publicly
available program FeynHiggs.
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We have found that the genuine vertex corrections to the triple Higgs vertex are numer-
ically very important. This holds both for the cases of CP conservation and CP violation.
The inclusion of the genuine vertex corrections changes the predictions for the decay widths
drastically as compared to an approximation based solely on propagator-type corrections.
Using the leading Yukawa contributions or the full fermion/sfermion vertex corrections at
zero incoming momentum yields a prediction for the decay width which is closer to the full
result, but we still find deviations of ∼ 30% and ∼ 15%, respectively, in the example of
the CPX parameter space at tan β ∼ 9, Mh1 ∼ 40 GeV. Yet, these approximations can
be useful in terms of effective couplings. The Yukawa approximation including all leading
corrections can be expressed in a very compact form, thus providing a convenient way to
go beyond the tree level vertex contributions. The effective coupling created from the full
fermion/sfermion contributions at vanishing external momentum is a more sophisticated
effective coupling approximation. These effective couplings can be used for theoretical pre-
dictions of cross sections for processes such as e+e− → h1Z → h1h1Z at a future Linear
Collider and the corresponding process at the LHC, which are of great interest in order to
directly access the Higgs self-couplings and thus investigate a crucial element of the Higgs
mechanism. We find that the genuine vertex corrections enhance the triple-Higgs squared
coupling of the light CP-even Higgs boson of the MSSM by 20–60% in the phenomenologi-
cally relevant region as compared to the lowest order coupling in the Standard Model for the
same value of the Higgs mass. This could have interesting implications for the sensitivity of
searches at the LHC and a future Linear Collider to effects of the triple-Higgs coupling.
We also have presented the full 1-loop electroweak vertex corrections to the ha → f f¯ de-
cay width in the complex MSSM, including full phase dependence. We have supplemented
these contributions with 1-loop QED and SM QCD corrections, resummed SUSY QCD
contributions, propagator corrections calculated using neutral Higgs self-energies from Feyn-
Higgs, and 1-loop propagator mixing with Goldstone bosons and Z bosons. Our calculation
has already been incorporated into the program FeynHiggs.
We performed on-shell to DR parameter conversions at O(αs) and O(αt) for the general
case of complex supersymmetric parameters, to be used when comparing results of calcula-
tions based on different renormalisation schemes. We also present a simple approximation
to the O(αs) contribution to these parameter shifts, which is valid in the complex MSSM.
We investigated the numerical impact of parametrising the neutral Higgs self-energies (in
the Feynman-diagrammatic approach) in terms of the MS top mass, rather than the on-shell
top mass, which is formally a 3-loop effect. This will be incorporated as a possible option in
FeynHiggs.
Furthermore, the investigated t, t˜, b, b˜ genuine vertex corrections to the LEP Higgsstrahlung
and LEP pair production processes in the CP-violating MSSM were found to have a small
numerical impact in the CPX parameter space.
Using our new theoretical predictions in conjunction with the topological cross section
limits from the LEP Higgs searches (there exist no relevant limits for this parameter re-
gion from the Tevatron), we were able to investigate the effect of the new contributions on
the exclusion regions in the CPX benchmark scenario. Of particular interest is the region
30 GeV <∼ Mh1 <∼ 50 GeV, 3 <∼ tanβ <∼ 10, which previous analyses had not been able to
exclude, despite the relatively low values of Mh1 involved. Since the coupling of the lightest
Higgs boson to gauge bosons is suppressed in much of this region, processes involving the
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second heaviest or the heaviest neutral Higgs boson are important. Across the majority of
this region, the h2 → h1h1 decay is dominant and therefore a precise theoretical prediction
for this decay width is crucial for investigating whether an unexcluded region actually exists
and for mapping out its extent. Our results confirm the existence of an unexcluded region at
Mh1 ∼ 45 GeV. Furthermore, we find that there is a rather large unexcluded region in the
CPX-type scenarios below the LEP limit for a SM-like Higgs, occurring at medium to high
values of tan β and extending down to Mh1 values of about 60 GeV. We have performed a
detailed analysis of the dependence of the unexcluded parameter regions on variations of the
MSSM parameters.
After discussing in detail the issues involved in such a comparison, we have compared
our results for the impact of the existing Higgs search results on the parameter region of
the CPX scenario with the results obtained using the publicly available program CPsuperH.
While both analyses confirm the existence of unexcluded regions in similar parts of the CPX
parameter space, sizable differences occur in the detailed extent of these regions.
Our results should serve as a motivation to focus Higgs searches at the LHC not only
on the mass range above about 114 GeV, corresponding to the allowed region for a SM-like
Higgs, but to perform dedicated searches also for much lighter Higgs states.
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A Relations between ΣhiG and ΣhiZ
Using a Feynman-diagrammatic calculation, we find that the following relations hold at
1-loop order in the Rξ-gauge:
MZΣφ2G(p
2) + ip2Σφ2Z(p
2) = − e
2cWsW
cβtA,
MZΣφ1G(p
2) + ip2Σφ1Z(p
2) =
e
2cW sW
sβtA,
MZΣAG(p
2) + ip2ΣAZ(p
2) +MZ(p
2 −m2A)f0(p2) =
e
2cW sW
(cβtφ2 − sβtφ1) ,
MZΣGG(p
2) + 2ip2ΣGZ(p
2)− p
2
MZ
ΣLZZ(p
2) =
e
2cW sW
(sβtφ2 + cβtφ1) ,
MWΣH−G+(p
2)− p2ΣH−W+(p2) +MW (p2 −m2H±)f±(p2) =
e
2sW
(cβtφ2 − sβtφ1 + itA) ,
MWΣG−G+(p
2)− 2p2ΣG−W+(p2)− p
2
MW
ΣLWW (p
2) =
e
2sW
(sβtφ2 + cβtφ1) , (127)
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where
f0(p
2) = − α
16πs2WM
2
W
sβ−αcβ−αM
2
ZξZ
[
B0
(
p2, m2h,M
2
ZξZ
)− B0 (p2, m2H ,M2ZξZ)] , (128)
f±(p
2) = − α
16πs2WM
2
W
sβ−αcβ−αM
2
W ξW
[
B0
(
p2, m2h,M
2
W ξW
)−B0 (p2, m2H ,M2W ξW)] .
(129)
f0, f± are finite and do not contribute if the particle is on-shell.
In terms of renormalised quantities, the relations are given by
ΣˆhG(p
2) +
ip2
MZ
ΣˆhZ(p
2) = 0, (130)
ΣˆHG(p
2) +
ip2
MZ
ΣˆHZ(p
2) = 0, (131)
ΣˆAG(p
2) +
ip2
MZ
ΣˆAZ(p
2) + (p2 −m2A)f0(p2) = 0, (132)
ΣˆGG(p
2) +
2ip2
MZ
ΣˆGZ(p
2)− p
2
M2Z
ΣˆLZZ(p
2) = 0, (133)
ΣˆH−G+(p
2)− p
2
MW
ΣˆH−W+(p
2) + (p2 −m2H±)f±(p2) = 0, (134)
ΣˆG−G+(p
2)− 2p
2
MW
ΣˆG−W+(p
2)− p
2
M2W
ΣˆLWW (p
2) = 0. (135)
These relations have been checked algebraically using the t, t˜, b, b˜ sector and the gauge and
Higgs boson sector. These relations have also been checked numerically for the entire MSSM.
These expressions first appeared in Ref. [133] and were derived using a BRST transformation
in Ref. [134].
B Explicit form of counterterms
In this section, we briefly summarise the counterterms used in this paper.
We renormalise the gauge bosons on-shell:
δM2Z = ReΣ
T
ZZ(M
2
Z), (136)
δM2W = ReΣ
T
WW (M
2
W ), (137)
δZV V = −ReΣ′V V , (138)
δZγZ = −2
ReΣTγZ(M
2
Z)
M2Z
, (139)
δZZγ = 2
ΣTγZ(0)
M2Z
, (140)
where ‘T’ denotes the transverse part of the self-energy, and as before the prime indicates
the derivative w.r.t. the external momentum squared. We use a combination of on-shell and
DR renormalisation for the Higgs sector, as in Ref. [7]:
69
δM2H± = ReΣH±(M
2
H±), (141)
δZH1 = −
[
ReΣ′φ1φ1
]div
, (142)
δZH2 = −
[
ReΣ′φ2φ2
]div
. (143)
‘div’ indicates that we have just kept the terms proportional to the divergent piece 2
4−D −
γE + log(4π). We define the tan β counterterm using
tan β → tanβ (1 + δtanβ ) = tan β (1 + 1
2
(δZH2 − δZH1)). (144)
This choice has been shown in Refs. [72, 113, 135] to yield numerically stable results. We also
need to fix the renormalisation scale for δZH1, δZH2, which we choose to be µren = mt, as in
Ref. [7]. We set
δThi = −Thi , (145)
to ensure that the renormalised tadpoles vanish.
In all of our calculations involving the full complex MSSM, we choose to parametrise the
result in terms of α(M2Z), where α(M
2
Z) = α(0)/ (1−∆α), and ∆α is a finite quantity that
can be split into the contribution from the e, µ, τ leptons and the contribution from the light
quarks (i.e. all quarks except t), ∆α = ∆αlept+∆α
(5)
had. ∆αlept has been calculated to 3-loop
order [136] as
∆αlept = 0.031497687, (146)
while ∆α
(5)
had has been determined using experimental data via a dispersion relation [137] as
∆α
(5)
had = 0.02755± 0.0023. (147)
We therefore use the charge counterterm:
δZ
e(M2
Z
)
e =
1
2
∂
∂q2
Σall loopsγγ (q
2)
∣∣
q2=0
− 1
2
∂
∂q2
Σlight f in loopsγγ (q
2)
∣∣
q2=0
+
1
2M2Z
ReΣlight f in loopsγγ (M
2
Z) +
sw
cw
ΣTγZ(0)
M2Z
, (148)
Note that the second term in the right-hand side of eq. (148) cancels the light fermion con-
tributions in the first term, which involve large contributions proportional to α log
(
m2light f
µ2ren
)
,
arising from the running of α from q2 = 0 to a higher energy scale, which are problematic
because the masses of the light quarks are not well defined.
For calculations which only involve Standard Model fermions and their superpartners in
loops, we choose to parametrise the electric charge in terms of the Fermi constant GF (as
used, for example, in Ref. [138]), yielding the charge renormalisation counterterm
δZGFe =
δsW
sW
− 1
2M2W
(
ΣTWW (0)− δM2W
)
. (149)
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We renormalise the quark sector on-shell using the conditions9
δm =
1
2
Re
[
m
(
ΣL(m2) + ΣR(m2)
)
+ Σl(m2) + Σr(m2)
]
, (150)
δZL = R˜e
[
−ΣL(m2) + 1
2m
(
Σl(m2)− Σr(m2))
−m2
(
ΣL
′
(m2) + ΣR
′
(m2)
)
−m
(
Σl
′
(m2) + Σr
′
(m2)
)]
, (151)
δZR = R˜e
[
−ΣR(m2) + 1
2m
(
Σr(m2)− Σl(m2))
−m2
(
ΣL
′
(m2) + ΣR
′
(m2)
)
−m
(
Σl
′
(m2) + Σr
′
(m2)
)]
. (152)
In order to perform the DR to on-shell parameter conversion in Sect. 5, we apply the
renormalisation conditions which were used in the calculation of the leading 2-loop cor-
rections to the Higgs self-energies [110], which were incorporated into the program Feyn-
Higgs [6–10]: (
U
t˜
δM
t˜
U†
t˜
)
11
= δm2
t˜1
= ReΣt˜11(m
2
t˜1
), (153)(
U
t˜
δM
t˜
U†
t˜
)
22
= δm2
t˜2
= ReΣt˜22(m
2
t˜2
), (154)(
U
t˜
δM
t˜
U†
t˜
)
12
= δYt˜ =
1
2
(
R˜eΣt˜12(m
2
t˜1
) + R˜eΣt˜12(m
2
t˜2
)
)
, (155)(
U
t˜
δM
t˜
U†
t˜
)
21
= δY ∗
t˜
=
1
2
(
R˜eΣt˜21(m
2
t˜1
) + R˜eΣt˜21(m
2
t˜2
)
)
. (156)
C Triple Higgs vertex corrections and Higgs self-energies
in the Yukawa approximation for the special case
where the stop masses are equal
In Sect. 6.1.1, we investigated the Yukawa corrections to the triple Higgs vertex and Higgs
self-energies. For completeness, we give these quantities here in the limit where the stop
masses in the Yukawa approximation are equal.
The triple Higgs vertex corrections in this limit are:
∆λYukφ1φ1φ1 = ∆λ
Yuk
φ1φ1A = ∆λ
Yuk
φ1φ2A = ∆λ
Yuk
φ2φ2A = ∆λ
Yuk
φ1AA = ∆λ
Yuk
AAA = 0, (157)
∆λYukφ1φ1φ2 = −
3e3m4t
32π2M3Ws
3
W s
3
β
{
|µ|2
m2
t˜1
}
, (158)
9Note that the quark field renormalisation factors given in eq. (151) and eq. (152) are sufficient for
renormalisation purposes but they do not necessarily take into account the full wave function normalisations
that are required in the most general case to ensure the correct on-shell properties of external quark fields,
see Ref. [139]. As the quark masses of the final-state fermions are small in the Higgs decays that we are
considering (i.e., we do not consider Higgs decays into top quarks), in our calculations δZL and δZR account
for the whole wave function corrections.
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∆λYukφ1φ2φ2 =
3e3m4t
16π2M3W s
3
Ws
5
β
{
sβcβ
|µ|2
m2
t˜1
}
, (159)
∆λYukφ2φ2φ2 =
3e3m4t
16π2M3W s
3
Ws
3
β
{
2− 2m
2
t
m2
t˜1
− 3 log m
2
t˜1
m2t
− 3|At|
2
2m2
t˜1
}
, (160)
∆λYukφ2AA =
3e3m4t
32π2M3W s
3
Ws
5
β
{
−|µ|
2
m2
t˜1
− 2s2βc2β log
m2
t˜1
m2t
}
, (161)
while the Higgs self-energies in this limit are:
Σˆ
(1)φ1φ1
Yuk =
3e2m4t
16π2M2W s
2
W s
2
β
(
|µ|2C11L
2
)
, (162)
Σˆ
(1)φ1φ2
Yuk = −
3e2m4t
16π2M2W s
2
Ws
2
β
( |µ|2
tβ
C11L
2
)
, (163)
Σˆ
(1)φ2φ2
Yuk = −
3e2m4t
16π2M2W s
2
Ws
2
β
(
2 log
(
mt˜1mt˜2
m2t
)
− |µ|
2
t2β
C11L
2
)
, (164)
Σˆ
(1)φ1A
Yuk = Σˆ
(1)φ2A
Yuk = 0, (165)
Σˆ
(1)AA
Yuk =
3e2m4t
16π2M2W s
2
W s
4
β
(
|µ|2C11L
2
)
, (166)
where
C11L = C0
(
0, 0, 0, m2t˜1, m
2
t˜1
,M2L
)
. (167)
In this limit, the Yukawa corrections to both the triple Higgs vertex and the Higgs self-
energies are independent of the CP-violating MSSM phases.
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